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Abstract 



We define the characteristic cycle of a locally constant etale sheaf on a smooth 
variety in positive characteristic ramified along boundary as a cycle in the cotangent 
bundle of the variety, at least on a neighborhood of the generic point of the divisor 
on the boundary. The crucial ingredient in the definition is an additive structure on 
O: the boundary induced by the groupoid structure of multiple self products. 

I We prove a compatibility with pull-back and local acyclicity in non-characteristic 

r~| ' situations. We also give a relation with the characteristic cohomology class under a 

. certain condition and a concrete example where the intersection with the 0-section 

computes the Euler-Poincare characteristic. 

^ , Let be a perfect field of characteristic p > 0, X be a smooth scheme of dimension 

^ [ d over k and D be a divisor of X with simple normal crossings. Let A be a ring finite 
^ \ over Z^[(^p] or a finite extension of Gli{Cp) for a prime ^ ^ p and J-" be a locally constant 
\^ • constructible sheaf of free A- modules on the complement U = X — D. After shrinking X 

■ to a neighborhood of the generic point of ^, we define the characteristic cycle Char(J-') in 
Definition 13.51 as a (i-dimensional cycle on the cotangent bundle T*X. We show that the 

^ \ characteristic cycle has coefficients in Z[i], Proposition 13.101 

For a morphism / : X' — )■ X of smooth schemes over /c, we define the condition that / 
is non-characteristic with respect to T in Definition 13.71 in terms of Char (J-"). We prove 

■ that the construction of the characteristic cycles commutes with the pull-back by non- 
\^ , characteristic morphisms in Proposition 13. 8[ We deduce a characterization of the support 

of the characteristic cycle in terms of the restrictions to curves transversally meeting the 
boundary in Proposition 13.111 

The results in this article are non- logarithmic variants of the logarithmic version studied 
in [12] and [5] obtained by a different method of localization. The relation between the 
two methods is discussed in Section 12.61 An advantage of the non-logarithmic version is 
that it behaves better with the restriction to curves. 

We also define the condition for a smooth morphism / : X — )• F of smooth schemes to 
be non-characteristic with respect to J-' in Definition 13. 121 in terms of Char (J-"). We deduce 
the local acyclicity for a non-characteristic morphism in Proposition 13.141 from a result of 
Deligne-Laumon [18j. 

We give a relation with the characteristic class defined in [3] in Corollary 13.171 As an 
application, we give a concrete example of a computation of the Euler-Poincare character- 
istic in Example 13.181 

The crucial ingredient in the definition of the characteristic cycle is an additive struc- 
ture on the boundary established in Corollary 12. 151 Using a classification of a vector bundle 
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in characteristic p > by a finite etale group scheme of Fp-vector spaces recalled in Sec- 
tion ll.4[ we link the additive structure to the cotangent bundle in Definition 12.191 As an 
application of the link, we study the graded quotients of the filtration by non-logarithmic 
ramification groups of a local field of equal characteristic with imperfect residue field in 
Section 12.51 

The additive structure on the boundary is defined as the restriction of an extension 
constructed in Theorem 12.141 of the groupoid structure of multiple self products. Functo- 
riality of multiple self products is interpreted as a groupoid structure using an equivalence 
of categories Proposition 11.41 stated in terms of an extra structure on simplicial objects 
introduced in Section [TTTl 

More precisely speaking, the additive structure is defined on the boundary of the largest 
etale scheme inside the normalizations of some partial blow-ups, called dilatations, of the 
multiple self products in ramified coverings. Some functorial properties of the etale part of 
normalizations are established in Section [L2l We study properties of dilatations abstractly 
in Section 11.31 and more concretely in Section 12.11 

An essential part of this work was done during the author's stay at IHES in September 
and October 2012. He thanks the hospitality of Ahmed Abbes. The author also thanks 
Pierre Deligne for sending him unpublished notes [10] on ramification of sheaves, Vladimir 
Drinfeld for an inspiring comment on the groupoid structure and Luc Illusie for discussion 
on the cohomology of classifying spaces and local acyclicity. The research was partially 
supported by JSPS Grants-in-Aid for Scientific Research (A) 22244001. 
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1 Preliminaries 



1.1 Oversimplicial objects and groupoids 

Definition 1.1. Let C be a category and let A denote the full subcategory of the category 
of sets consisting of the objects [0, n] = {0, 1, ... , n} for integers n ^ 0. 

1. We call a contravariant functor P: A — )■ C an oversimplicial object of C. For an 
oversimplicial object P and an integer n ^ 0, we write Pn for P{[0,n]). For oversim- 
plicial objects P and Q of C, we call a morphism f : P ^ Q of functors a morphism of 
oversimplicial objects. 

2. We call a cocartesian diagram 

[0,m] > [0,n] 

(1-1) I 

[0] > [0,1] 

of injections in A an additive cocartesian diagram. 

Assume that finite inverse images are defined in C. We say that an oversimplicial object 
P of C is multiplicative, if every additive cocartesian diagram (11.11) defines a cartesian 
diagram 

p i p 

Po < Pi- 

We say a multiplicative object of P is strictly multiplicative if the two morphisms Pi — t- Pq 
are equal. 

We say that a morphism P ^ Q of oversimplicial objects of C is multiplicative, if, for 
every additive cocartesian diagram fll.ip . the diagram 

Qm ^ Pm Pn Qn 

(1.3) I 

Pn < Ql Pn 

is cartesian. 

The category A contains the subcategory A with the same underlying set and in- 
creasing morphisms. Consequently, an oversimplicial object defines a simplicial object by 
restriction. 

In the rest of this subsection, let C denote a category where finite inverse images are 
defined. We will write an oversimplicial object P as P, and a morphism of oversimplicial 
objects / as /, in the following. For morphisms Q, — > P, and R, — ?■ P, of oversimplicial 
objects, the fibered product Q, x R, is an oversimplicial objects. 

Lemma 1.2. Let P, be a multiplicative oversimplicial object. Then, for a morphism 
f»'- Q» ^ P» of oversimplicial objects, the following conditions (1) and (2) are equivalent 
if fo- Qo ^ Pq is injective. 

(1) Q, is multiplicative. 

(2) /, is multiplicative. 
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Proof. For an additive cocartesian diagram f ll.ip . if P„ — Pm x Pi is an isomorphism, 
then the map 

{Qm X P™, Pn) X p„ (Qi X P„) = Qm Pn >^ Pi Ql — >" Qm X p„ Pm X Pg P/ X = X p^ 

is also an isomorphism. If Qq — > Pq is an injection, the last term is Qm Xqq Qi- Hence 
the diagram f ll.2p with P replaced by Q is cartesian if and only if the diagram fll.3p is 
cartesian. □ 



For a pair of morphisms s, t : P — t- S*, we fix notation for fibered multi-products. For 
integers n ^ 0, we define s„, t„ : P<?" = Px5Px5---X5P— )-5' inductively as follows. For 



= 0, we set P^ ° = S and Sq = = ids- For n = 1, we set Pg^ = P and Si = s,ti = t. 



For n ^ 1, we define P^""-^^ 



pxn 



X 5 P by the cartesian diagram 



:i.4) 



PI 



Pn 



pxn+l 
-^5 



pr2 



P 



pri,t 



71+1 



Pc " -> Pc ' X5 P^™ is defined by induction on m. 



t o pr2. For integers n = / + m, a canonical isomorphism 



and set s„+i 

Definition 1.3. Let C he a category where finite inverse limits are defined. We say that 
a 7-ple {P, S, s,t,e, fi,i) is a groupoid in C if P, S are objects ofC, s,t: P ^ S,e: S ^ 
P, /i : Pg"^ = P Xs P ^ P,i'. P ^ P are morphisms of C such that the following diagrams 
are commutative: 



PXsPXsP^PXsP 



(eos) xid 



PxsP- 

idx j 



P 



s 




PxsP P, 
We say a groupoid is a group if s = t. 



P 



S 



ixid 



> Px.P 



P. 



We show that a multiplicative oversimplicial object defines a groupoid. Let P, be a 
multiplicative oversimphcial object. We define s,t: Pi — )■ Po,e: Pq — )■ Pi,i: Pi Pi to 
be the morphisms defined by the maps [0] — )■ [0, 1] sending to and to 1 respectively, by 
the unique map [0, 1] — )■ [0] and by the map [0, 1] — )• [0, 1] switching and 1. We define 
/i : Pi X P(, Pi — )• Pi to be the composition of the inverse of the isomorphism P2 — )■ Pi x p^, Pi 
defined by the cartesian diagram fll.2p corresponding to the additive cocartesian diagram 



[0,1] 



inclusion 



> [0,2] 



[0] 



inclusion 



> [0, 1] 



with the map P2 Pi defined by the map [0, 1] = {0, 1} [0, 2] = {0, 1, 2} sending to 
and 1 to 2. 
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Proposition 1.4. Let C be a category where finite inverse limits are defined. 

1. Let P, he a multiplicative oversimplicial object. Then [Pi, Pq, s,t,e, fi,i) defined 
above is a groupoid in C. 

2. Let Q be the category of groupoids in C and Ai be the full subcategory of the category 
of oversimplicial objects in C consisting of multiplicative objects. Then, the functor 



(1.5) 



defined by the construction in 1. is an equivalence of categories. The functor (11. 5p induces 
an equivalence of categories on the full subcategories consisting of strictly multiplicative 
objects of C and of groups in C. 

Proof. 1. We identify P„ with P^p^ by the isomorphism defined by the morphisms [0, 1] — )■ 
[0, n] sending i— )■ i — 1 and 1 i for i = 1, . . . ,n. Then, the commutative diagrams in 
Definition 11.31 follow from the commutative diagrams 



[0,1] °^°'^"°'^"^ [0,2] 



0i-*-0,lf-^l,2i-^3 



0M.0,lh^2 0h>0,1i-^1,2h^1 

[0,2] 




[0, 1] 



0^0 



[0] 



[o,i]^iH:^[o,2] 



0K^0,lM.l,2h^0 



10. 21 -^i*:^ 10.1], 



0i-s>0,1h^2 



[0] 



[0,1], 



in A. 

2. We construct a quasi-inverse functor. Let {P, S, s,t,e, fi,i) be a groupoid in C. We 
put Pn = -P5 " for integer n ^ 0. For a map / : [0, m] — > [0, n] in A, we define a morphism 
/* : Pn ^ Pm inductively on m ^ 0. 

Assume m = and i: [0] — )■ [0, m] be the map sending to i G [0, m]. Then, we define 
i* : Pn ^ Pq to be the composition 



1.6) 



p 

n 



can „ „ tiXSn-i 



Next, we consider the case m = 1. We define fin'- Pn Pi for n ^ inductively 
as follows. We set /iq = e, /ii = id and fj,2 = /i- For n ^ 1, we define /i„+i to be the 
composition 



;i-7) 



Pn+l = Pny<sPl P1X5P1 



Pi. 



If ^ z ^ j ^ n, for the map (ij) : [0, 1] — )■ [0, n] sending h- j- i and 1 (-)■ j, we define (ij)* 
to be the composition 



:i.^ 



Pn P,XsP,-^XsPn-J ''''^"''^-^> S X s Pi X s S = P, 



and define (ji)* to be the composition l o (ij)*. 

Let /: [0,m + 1] — > [0,n] be a map. Let g: [0,m] — )• [0,n] be the restriction of / 
and define h: [0,1] — > [0,n] by /i(0) = /(m) and h{l) = f{m+ 1). Then, we define 
f*: Pn^ Pm+i to be 



:i.9) 



g*xh* 



> Pm XPo -^1 
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m+l 



For an integer z G [0, m] and a morphism / : [0, m] — )■ [0, n], if /j : [0, i] — )■ [0, n] denotes 
the restriction of / and fl : [0,m — i] — > [0, n] be the composition of +i : [0, m — i] — )■ [0, m] 
with /. Then, by induction on m — i, one shows that /* : P„ ^ Pm is the composition 

(1.10) p ^''''^'*) P xnP ■ ) P 

We show that P, defined above is a functor. It suffices to show that, for morphisms 
/: [0,/] [0,m] and g: [0,m] [0,?2], we have {g o /)* = f* o g*. By the inductive 
definition (11. 9p . it suffices to consider the cases I = and I = 1. We show the case / = 0. 
Let i: [0] — ?■ [0,m] be the map sending t— ?■ z. Then, by the decomposition (11.101) and by 
the definition (11.61) . the composition i* o g* : Pn ^ Pq is the composition 

(^•^^) P„ > Pf(i) Xp„ P„_/(i) > Pi Xp, P^_i > S XsS = Pq. 

Since U o f* = tf(^i), Sm-i o /f = Sn-f{i), it is equal to f{i)* : P„ Pq as required. 

The case Z = 1 is an immediate consequence of the following elementary fact on 
groupoid. □ 

Lemma 1.5. Let (P, S, s, t, e, i) be a groupoid in the category of sets and Xi, . . . , x„ be 
elements of P satisfying s{xi) = t{xi-i) for i = 1, . . . ,n. For ^ i ^ j ^ n, let xij denote 
the product Xj+i ■ ■ ■ Xj and xji the inverse x~^ . 

Then, for a morphism f : [0, m] [0, n] and ^ i ^ j ^ m, we have 

= • • •^/0-i)/{j)- 

Proof. It follows by induction on j — i. □ 

We say that a multiplicative oversimplicial object P, is associated to the groupoid Pi 
over Pq. If P. is associated to a groupoid P over S, the groupoid P over S is determined 
by Pq, Pi, P2 and the morphisms between them. 

We give some examples of multiplicative oversimplicial objects. Let X — )■ S* be a 
morphism in C. Then by setting P„ = X^'^'^^, we obtain a multiplicative oversimplicial 
object. Let G be a group. We set P„ = G^""^^ / AG to be the quotient by the diagonal 
action for integer n ^ 0. Then, they define a multiplicative oversimplicial object P.. Let 
S" be a scheme and ii^ be a vector bundle over S. Then by setting P„ = Coker(diag: E — )■ 
P^"^^), we obtain a strictly multiplicative oversimplicial object. 

1.2 Normalization and etaleness 
Lemma 1.6. We consider a commutative diagram 

V < V 

X X' 

of morphisms of normal schemes where the vertical arrows are Stale, separated and of finite 
type. Let Y and Y' be the normalizations of X and X' in V and V and let W G Y and 
W C Y' be the largest open subschemes Stale over X and over X' respectively. 
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1. The map V' V is uniquely extended to a map g: Y' ^ Y . 

2. Assume that the diagram fll.l2p is cartesian. Assume either that X' ^ X is 
component-wise dominant or that V X is factorized as the composition V ^ U ^ X 
of a finite Stale map V ^ U and an open immersion U ^ X . Then, we have g~^{W) = 
W XxX' C W. 

3. Assume that f : X' ^ X is smooth. Then, we have g{W) C W. 

Proof. 1. Since the assertion is local on X and on X', we may assume X = Spec A,Y = 
Spec B and X' = Spec A' are afiine and A' is an integral domain. Let K' be the fraction 
field of A'. Then, Y' = Spec B' for the integral closure B' of A' in an etale i^^'-algebra 
L' = r{V' Xx' K', O). The image of any element in B in L' is integral over A' and hence 
contained in B'. 

2. If the diagram (11.121) is cartesian, W Xx X' is a. normal scheme containing V = 
V XxX' as an open subscheme. Further if X' X is componentwise dominant oi V ^ X 
is the composition of a finite etale map and an open immersion, = V" is dense in 
W XxX'. Hence Y' contains g-\W) = W XxX'. 

3. Since /: X' — )■ X is assumed smooth, the base change Y Xx X' is normal. Hence, 
by replacing X and V by X' and V Xx X', it is reduced to the case where X = X'. Then 
it follows from [121 Theoreme (18.10.16)]. □ 

Corollary 1.7. Let 



91 



:i.i3) 



Xi ^ 



fi 



V 



X 



92 



/2 



> Xo 



be a commutative diagram of normal schemes where the vertical arrows are etale, separated 
and of finite type. Let Y,Yi,Y2 be the normalizations o/X, Xi,X2 in V,Vi,V2 and let 
W,Wi,W2 be the largest open subschemes ofY,Yi,Y2 etale over X, Xi, X2 respectively. 
Assume that /i : X — )■ Xi and /2 : X — i- X2 are smooth and that the diagram 

Vi Xx, X i V 



:i.i4) 



X 



Vo Xx.X 



induced by (I1.13P is cartesian. Then the diagram (11.141) is extended to a cartesian diagram 

Wi Xx, X < W 

(1.15) 

< W2 Xx2 X. 



X 



Proof. By Lemma ll.6[ l. the morphisms gi: V ^ Vi and g2'- V V2 are extended to 
y — 7- Yi and Y — > Y2. By the assumption that /i and /2 are smooth and by Lemma [1.6[ 3. 
they induce W — j- Wi and W — )■ W2. Hence, we obtain a commutative diagram (ll.lSp . 
We define an etale scheme W over X by the cartesian diagram 

Wi Xx, X < W 

(1.16) 



X 



W2Xx,X. 
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The cartesian diagram (11.141) defines an open immersion V — )■ W. It induces an open 
immersion W — )■ W. Since the commutative diagram (ll.lSp and the cartesian diagram 
(I1.16P define the inverse W — )■ W, the assertion follows. □ 

We prove a key lemma for the proof of Theorem 12.141 

Lemma 1.8. Let V, — i- X, be an Stale, separated, of finite type and multiplicative mor- 
phism of oversimplicial normal schemes. 

1. For integers n ^ 0, let be the normalization of X^. Then, the schemes Yn form 
an oversimplicial normal scheme Y, containing V, as an oversimplicial subscheme. 

2. For integers n ^ 0, let Wn C F„ be the largest open subschemes Stale over X^- 
Assume that the following conditions are satisfied: 

(1) For each injection [0, m] — )■ [0,n], the morphism X„ — )■ X^ is smooth. 

(2) The morphism Vq Vi is extended to Wq — )■ Wi. 

Then, the schemes Wn form an oversimplicial open subscheme W, ofY, and the restriction 
W, — > X, of the morphism Y, X, is multiplicative. 



Proof. 1. It follows from Lemma [1.61 1. 

2. We show that Wn form an oversimplicial subscheme W, of Y,. It suffices to show 
that for each map [0, n] — )■ [0, m], the morphism Y^ — )■ Yn maps W^ to Wn- We show this 
by induction on n ^ 0. If [0,?7,] — )■ [0,m] is an injection, it follows from Lemma [1.61 3 by 
the assumption (1). Thus the case n = is proved. We show the case n = 1. It suffices to 
consider the case [0, 1] — )■ [0, m] is not an injection. In this case, it is factorized uniquely 
as [0, 1] —7- [0] — 7- [0, m]. Hence, it follows from the case where n = and the assumption 
(2). 

We consider an additive cocartesian diagram (II. ip . Let 



;i.i7) 



Vr,: 



Xr, 



Vn 



Xn 



V, 



X, 



be the induced commutative diagram. Since V, — > X, is assumed multiplicative, the 
diagram (I1.17P defines a cartesian diagram 



Vm. X V X„ ^ 



1.18) 



Xn 



Vn 



Vl Xx, Xn 



By Corollary II. 7[ it is extended to a cartesian diagram 

Wm Xx™ Xn < Wn 

Xn < Wl Xn 

since the lower horizontal arrows in (I1.17P are smooth by the assumption (1). 
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Apply the above consideration to the additive cocartesian diagram 
1^1.20) O^n 



r„ n inclusion r„ , ^ -| 

[0,n] > [0,n + 1] 



[0] 



inclusion 



> [0,1]. 



Then, to extend Vm Ki+i to Wm Wn+i, it suffices to extend the commutative diagram 

Vn < Vm > Vi 

(1.21) 

Xn < Xn+l > 

corresponding to — )■ Vn+i by the cartesian diagram fll.lSp to a commutative diagram 

Wn < Wm y w, 

Xn < Xn+l y Xi 

Thus, Vm — > Vn is extended to Wm — ^ Wn by induction on n. 

By the cartesian diagram f ll.lQp . the morphism W, — )■ X, is multiphcative. 

Lemma 1.9 ([5l Lemma 2.7]). Let 



□ 



X' U' <- 



X <- 



U <- 



v 



V 



he a cartesian diagram of normal schemes. Assume that the vertical arrows are quasi-finite 
and component-wise dominant, that the left horizontal arrows are open immersions and 
that the right horizontal arrows are finite and etale. Let X ^ Y and X' ^ Y' he the 
normalizations in V and V respectively. 
Let 



Z' 



X' 



:i.23) 



X 



he a commutative diagram where the horizontal arrows are closed immersions. Assume 
that it is lifted to a commutative diagram 



Z' 



Y' 



Y. 



Then, Y X is etale on a neighhorhood of s{Z), ifY' — t- X' is etale on a neighhorhood 
of s'{Z') and if the following conditions are satisfied: 

(1) Z' ^ Z is surjective. 

(2) The hase change of the diagram fll.23p hy U ^ X is cartesian. 

(3) Z nU is dense in Z . 



9 



For the reader's convenience, we include the proof in [51 Lemma 2.7]. 

Proof. Let x be a point of Z. We show that Y ^ X is etale at s{x). Let x' be a point 
of Z' above x and take a geometric point x of Z above x and a geometric point x' of 
above x' and x. By replacing X, Y, X' by their strict localizations at x, s{x) and at x', we 
may assume X, Y, X' are strictly local and X' — )• X is finite and surjective. It suffices to 
prove that F — )■ X is an isomorphism. 

Since Y' is the normalization of X' Xx Y, it suffices to show that Y' — )■ X' is an 
isomorphism. Since Y' is the disjoint union of finitely many connected components, it 
suffices to show the following. 

(a) There exists a unique component meeting s'{Z'). 

(b) A component meeting s'{Z') is isomorphic to X'. 

(c) Every component meets s'{Z'). 

Since Z' is a closed subscheme of X', its image s'iZ') is also a local scheme and (a) 
follows. Since the component of Y' containing s'(x') is the strict localization at s'(x'), it is 
isomorphic to X'. Hence (b) is proved. We show (c). By the assumption (2), s(Zn?7) XyF' 
is isomorphic to (Zflt/) x^X' = Z'flf/' and hence is equal to s'{Z'r\U'). By the assumption 
(3), s{Z nU) C Y is not empty. Let Y( be a component of Y'. Since Y( Y is finite and 
dominant, it is surjective and hence s{Z nU) XyY( = s'iZ' fl f/') fl Y[ C s'(Z') fl Y[ is not 
empty. Thus (c) is proved. □ 

The following example shows that we can't drop the assumption that X' — )■ X is 
quasi-finite even if U' = U . 

Example 1.10. Let k be an algebraically closed field of characteristic p > 0, be an 
elliptic curves of degree > 1 over k and £ be a very ample invertible Og-module e.g. 
C(3 ■ [0]). Let X = Spec 0r(E,£®'^) be the affine cone. The blow-up X' of X at 
the origin is the line bundle L over E defined by the symmetric algebra ©„>o'^'^"- The 
complement [/ C X of the origin is the complement L — E oi the 0-section. Define a finite 
etale morphism V U to be the pull-back of an etale isogeny E' E of of degree > 1. 

The normalization Y' of X' in V is the pull-back E' Xe X' and is etale over X'. The 
canonical map Y' ^ Y to the normalization y of X in y contracts the closed fiber E' to 
a point and the morphism F — )• X is not etale. 

The inverse image Z of the origin G -E is a fiber of the line bundle X' ^ E and is 
isomorphic to A^. The composition Z — ?■ X' — )■ X is a closed immersion since C is base 
point free. The inverse image of G £" defines closed immersions Z Y' and Z ^ Y 
lifting Z — )■ X' and Z — )■ X. They satisfy the conditions (l)-(3) in Lemma [1.91 

1.3 Dilatations 
Definition 1.11. Let 

(1.24) D y P < X 

be closed immersions of schemes. Assume that D is a Cartier divisor of P and let P' ^ P 
denote the blow-up at the intersection DnX = DxpX. We call the complement 

p ^ p{D X) ^ p, 

of the proper transform of D the dilatation of P with respect to D and X. 
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If P = Spec A, if the Cartier divisor D is defined by a non-zero divisor t & A and if 
the closed subscheme X C P is defined by an ideal I C A, we have P^^'^^ = Spec A for 
the subring 



7" 


C A 


'1 






_t_ 




1_ 



The closed subscheme D oi P defined by the cartesian diagram 

D > P = P(^-^) 



D > Pi — X. 

is a Cartier divisor and is a scheme over Dr\X = DxpX. The canonical map P ^ P 
induces an isomorphism P — D ^ P — D. If X = P, the canonical map P — )■ P is an 
isomorphism. 

Example 1.12. Let y be a closed subscheme of a scheme D. Set P = A\) D X = Ay 
and regard D as a Cartier divisor of P by identifying it with the 0-section of P. Then, 
the dilatation p(^'^) is the deformation to the normal cone of y in D. In particular, if Y 
is a Cartier divisor of D, the dilatation p(^ "^) is the line bundle L{Y) over D defined by 
the symmetric Oo-algebra 0„>o2^y- 

The dilatation has the following universality, as an immediate consequence of that of 
blow-up. Let fOD and P = p(^-^) be as in Definition [Till Let Id C Op and Ix C Op 
be the ideals defining D and X respectively. Then, for a scheme T over P, if the pull-back 
IdOt is an invertible ideal of Ot and contains XxOt, then there exists a unique morphism 
T — )■ P of schemes over P. 

For example, if DdX = Dx is a divisor of X, then the immersion X — )■ P is uniquely 
lifted to X — )• P = P^^'^^i by the universality of dilatation. If D = Di -\- D2 is the sum 
of Cartier divisors, then we have a canonical morphism P = P^^'^^ p^ = p{Di-x) 
the universality. Further assume that Z^i fl X is a divisor of X, regard X as a closed 
subscheme of Pi and let D2 denote the pull-back of D2 to Pi. Then, we have a canonical 
isomorphism P — > P[^^ ^\ 

We study the structure of dilatations. For a regular immersion X — )■ P of schemes, 
the normal bundle T^P is the vector bundle over X defined by the symmetric algebra 
S*Mx/p where the conormal sheaf Nx/p = ^x/^ is defined by the ideal sheaf Xx C Op. 
If X and P are smooth over a scheme S and if the immersion X — P is a morphism over 
5*, it fits in an exact sequence 

O^TX^TPxpX^ TxP 

of vector bundles on X where TX and TP denote the tangent bundles defined by the 
symmetric algebras of the locally free modules and f^p/^ respectively. 

For vector bundles E and E' on a scheme 5, let E ® E' denote the tensor product. 
For a line bundle L on a scheme S and an integer n, let L*^"^ denote the n-th power. For 
a vector bundle E on a. scheme S and a Cartier divisor D of S", let E{D) = P ® T(D) 
denote the tensor product with the line bundle L{D) on S. We have = L{D) Xs D. 
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Lemma 1.13. We consider a cartesian diagram 

b > p = p(^-^) 



D > Pi — X 

where the arrows in the lower line are closed immersions as in fll.24p . Assume that X — )■ P 
is a regular immersion and that D n X = Dx is a Cartier divisor of X. 

1. We have a canonical isomorphism 

(1.25) D^TxPi-Dx) XxDx 

to the vector bundle on Dx- 

2. The immersion X ^ P is also a regular immersion and there is a canonical iso- 
morphism 

(1.26) TxP ^ TxP{-Dx) 
for the normal bundle. 

Proof. 1. First, we consider locally on P. We assume that P = Spec A, that to,ti, . . . ,tjn 
is a regular sequence of A and that D and X are defined by the ideals (to) and (ti, . . . , tm) 
respectively. Then, we have P^^'^^ = Spec A for A = A[Ti, . . . , Tm]/ {toTi — ti, ■ ■ ■ , toTm — 
tm). Hence, we have an isomorphism 

(1.27) A/{to,t^, . . . ,tm)[Tu . . . ,Tm] ^ A/{to). 

Since Dx = Spec A/{tQ,ti, . . . , tm) and to and ti, . . . ,tm define linear coordinates of T^P 
and of TxP respectively, the isomorphism fll.27p defines an isomorphism (11.251) . It is easily 
checked that the isomorphism (I1.25P thus defined is independent of the choices and defined 
globally. ^ ^ 

2. In the description in the proof of 1, X C P is defined by the ideal of A generated 
by the regular sequence Ti, . . . ,Tm- Hence, we obtain an isomorphism (ll.26p . It is easily 
checked that the isomorphism fll.26p thus defined is independent of the choices and defined 
globally. □ 

Corollary 1.14. Assume that P and X are regular and that D G P is a divisor with 
normal crossings meeting X transversally. Then P = p(^'^) is also regular and the pull- 
back D = DxpPisa divisor with normal crossings. 

Proof. Since the assertion is etale local on P, we may assume that D has simple normal 
crossings. Let Di, . . . , D^ be the irreducible components of D. Then, by the isomorphism 
(ll.25p . the inverse images Di = D x d Di are regular divisors of P meeting transversally. 
Since the complement P — D is isomorphic to P — D and is regular, the scheme P is 
regular. □ 

We consider the functoriality of dilatations. Let 

E > Q < Y 



[1.28) 



f 

D > P i X 
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be a commutative diagram of schemes such that the horizontal arrows are closed immer- 
sions and that D and E are Cartier divisors of P and Q respectively. Then, the map 
Q ^ P is uniquely hfted to a morphism f:Q = Q^^'"^^ -)■ P = p(^-^\ 

Lemma 1.15. We consider the commutative diagram f ll.28p of schemes where the hori- 
zontal arrows are closed immersions. Assume that f : Q P is flat. 

1. If the diagram f ll.28p is cartesian, the diagram 

Q i — Q= g(^-^) 

(1.29) I 

p ^ p= piDX) 

is cartesian and the vertical arrows are flat. 

2. Assume that D, E, D (1 X = Dx and E (lY = Ey are Cartier divisors of P, Q, X 
and of Y respectively. Assume f*D = E and that Ey — ?■ Dx is flat. If X ^ P and 
Y ^ Q X p X are regular immersions, the morphism f : Q = Q'^^'^^ — > P = p(^'"^) is flat. 

Proof. 1. Since the question is local, we may assume P = Spec A and Q = Spec B are 
affine, the divisor D is defined by a non-zero divisor t E A and X is defined by an ideal 
I C A. Then, P = Spec A[j] and Q = Spec B[^]. Since A — )• P is flat, the injection 
A[^] —7- y4[j] induces an injection P(8)^yl[j] — t- Pcg)^ = B[j] and the assertion follows. 

2. The restriction Q — E — > P — D to the complements is fiat by the assumption. 
Since the pull-backs D = PxpDGP and E = Q Xq E G Q are Cartier divisors and 
f*D = E, it suffices to show that E D is flat. 

Since Q — P is fiat, the composition Y^QxpX^Q is a regular immersion. The 
isomorphisms (11.251) for D and E are functorial and make a commutative diagram 

E > TyQ{-Ey)XyEy 

(1-30) I 

D > TxP{-Dx) XxDx 

Since Q — )■ P is fiat and the immersions Y Q XpX and X — )■ P are regular immersions, 
the linear map TyQ — )■ TxP ^ of vector bundles is a surjection. By f*D = E, we have 
a canonical isomorphism L{—Ey) — )■ L{—Dx) XxY . Since Ey Dx is flat, the right 
vertical arrow is fiat as required. □ 

Corollary 1.16. 1. We consider the commutative diagram (I1.28P of schemes where the 
horizontal arrows are closed immersions. Assume that D, E, DCiX = Dx and ECiY = Ey 
are Cartier divisors of P, Q, X and of Y respectively. Assume further that the left square 
of the diagram (I1.28P is cartesian and that the vertical arrows and Ey — Dx are smooth. 
If X P is a regular immersion, the morphism Q^^'^^ — )■ p(-^'"^) is smooth. 
2. We consider a cartesian diagram 

Pi < Pa 

(1-31) I 

S i P2 
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of flat separated morphisms of schemes. Let Xi C Pi and X2 C P2 be closed suhschemes 
and define a closed suhscheme X3 = Xi x 5 X2 C P3 . Let D he a Cartier divisor of S 
and Di, D2, -D3 be the pull-back to Pi, P2, P3. Assume Xi is flat over S and the immersion 
Xi Pi is a regular immersion. Then, the diagram ( ]1.3ip induces a cartesian diagram 

(1-32) I 

S < p(D2 'i^) 

Proof. 1. Since Y ^ X and Q ^ P are smooth, the immersion Y^QxpX is a 
regular immersion. Hence, by Lemma [1.15I 2. the morphism Q — )■ P is flat. Further since 
f*D = E, it suffices to show that E D is smooth. Since Ey — )■ Dx is smooth, the right 
vertical arrow in fll.30p is smooth. 

2. Since the assertion is local, we may assume that S = Spec A and Pj = Spec Ai 
are affine, D is defined by a non-zero divisor t & A and the closed subschemes Xi C Pi 
are defined by ideals /j C A^. By Lemma [1.15[ 2. the dilatation Pi = Pf ^-^^^ is fiat over 
g = S(D-s), Therefore, the injection A2[y] Alj] induces an injection Ai[^]0aA2[y] 
^i[y] ®A ^2 [7] = Ai ^2[j]- Hence the isomorphism Ai ®a A2 — > A3 induces an 
isomorphism Ai [^] ® a ^2 [f ] ^ ^3 [^^^^f^] = A3 [f ] C A3 [\] . □ 

We give a construction similar to the deformation to normal cone in Example IL12I Let 
X be a scheme, D be a Cartier divisor and m ^ 1 be an integer. We consider the 0-section 
X A\- as a Cartier divisor. Let it denoted by Z and consider closed immersions 

Ajj > Ax ^ 

Then, we define an open subscheme X*-"^^^ C A^*-^^'"^'' of the dilatation by further 
removing the proper transform of the zero-section Z. 

Let Di, . . . , Dh be Cartier divisors of X and M = rriiDi + • ■ ■ + rrihDh be a linear 
combination with integral coefficients mi ^ 1, . . . , rrih ^ 1. Then, we define /: X'-*'^-' — )■ X 
to be the fibered product of X('"''^») over X for i = 1, . . . , h. 

In the terminology of log product [17, Proposition 4.2.1], the construction of X^*^) is 
described as follows. We regard X as a log scheme by the log structure defined by the 
Cartier divisors Di, . . . , Dh- Let P and Q denote the monoids N'* and let M: Q — )■ P be 
the map multiplying rrii on i-th component. The frame X — )■ [Q] defined by the Cartier 
divisors Di, . . . , Dh and the canonical frame A| = S[P] = Spec Z[P] — )■ [P] induce a 
frame — )■ [P + Q]. Then X(*^) is the log product A^ X[p+q] [P] with respect to the 
surjection idp + M: P + Q ^ P constructed in [T71 Proposition 4.2.1]. 

Let U = X — D he the complement of the union D = DiU ■ ■ - U Dn- Then, the inverse 
image f~^{U) is a trivial G^-torsor over U. The action of on f~^{U) is uniquely 
extended to an action of on X*^*^^ over X. 

Lemma 1.17. Let X be a smooth scheme over a perfect field k, D be a divisor of X with 
simple normal crossings and M = miDi + - ■ ■ + mhDh be a linear combination with integral 
coefficients nii ^ 1, . . . , mh ^1 of the irreducible components Di, . . . , Dh. 

Then, X(*^) is smooth over k and the canonical morphism f : X(*^) X is flat. Let 
d\^^'' be the inverse image of Z by the composition X^^^ — )■ X^'"^'^'^^ — > X A^. Then, 
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the sum D^'^^ = d[^^ + ■ ■ ■ D^^^ is a divisor of X^^^ with simple normal crossings. For 
i = 1, . . . ,h, we have f*Di = miD\^\ 

Proof. Since the question is local on X, we may assume that there is a smooth morphism 
X — )■ A^' such that Di is the inverse image of the i-th coordinate hyperplanc for i ~ 
1, . . . ,h. Further we may assume that X = and h = 1. In this case, X*^^) = A^ ^"''^^ — )■ 
X = Al = Spec k[T] is given by Spec k[T, S, U"^^]/ {T—U S"^) and the assertion follows. □ 

We study the functoriality of the construction of X^'^\ Let /: F — )■ X be a morphism 
of schemes, Ei, . . . ,Ek be Carticr divisors of Y and N = riiEi + ■ ■ ■ + n^Ek be a linear 
combination with integral coefficients ni ^ l,...,nk ^ 1. Assume that the pull-back 
f*Di — Y^j=i ^ij^j f*^^ integers Cij and kj = eijUj/rrii is an integer for every j = 1, . . . ,k 
for each i — 1, . . . , h. Let (Tj) and {Sj) be the coordinates of Aj^ and Ay respectively and 
we define a morphism / : A^ ^ A^ lifting / : y ^ X by sending Ti to S['^ ■ ■ ■ Sj^'' . Then, 
by the universahty of dilatations, the morphism / : Ay — > A^ is uniquely lifted to 

(L33) /:y(^)^X(^^). 

li h — k, if each Ei is the pull-back of and if rii — rui for each i — 1, . . . ,h, then the 
diagram 

y xiM) 

(L34) I 

Y > X 

is cartesian. 

We consider the case where f:Y — )■ X is the identity of X. Let M' = m[Di + 
• • • -|- m'l^Dh be another linear combination with integral coefficients m[ ^ 1, . . . ^ 1 
divisible by M in the sense that k — m'Jmi is an integer for each i — 1, . . . ,h. Then, we 
have a canonical morphism 

(L35) X(^') ^ XW 

over X. It is compatible with the actions of G!^ x with respect to the morphism G'^ x ~^ 
G^ x defined by ij-th power on i-th component. 

1.4 Extensions of a vector bundle in characteristic p > 

We study extensions of a vector bundle by a finite etale group scheme on a scheme of 
characteristic p > 0. 

Lemma 1.18. Let E be a vector bundle over a scheme S of characteristic p > and let 
1 G ^ £'—>■£'—>■ 1 be an extension of E by an etale group scheme G over S. Assume 
that for every point s of S, the fiber Eg is connected. Then, E and consequently G are 
commutative and killed by p. 

Proof. Since E is commutative, the morphism E Xg E ^ E defined by sending {x,y) to 
the commutator [x, y] induces a morphism of schemes to the kernel G oi E ^ E. Since 
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the fiber oi E Xs E is connected for every point of S, the image is in the identity section 
S G G and it defines a morphism E Xg E ^ S of schemes. Hence E is commutative. 

Similarly, the morphism p: E ^ E defined by sending x to px induces a morphism of 
schemes to the kernel G oi E ^ E and to a morphism of schemes to S. Hence E is killed 
by p. □ 

Let E he a. vector bundle over a scheme S of characteristic p > and let G be a 
finite etale commutative group scheme over S", killed by p. Let E^ = B.oms{E, A^) be 
the dual vector bundle of E and = Hom5(G, Fp) be the dual finite etale scheme of G. 
For commutative group schemes A and B over S, let Mot{A, B) denote the presheaf of 
morphisms of group schemes. 

Let F : — )■ denote the Frobenius morphism defined by sending the coordinate t 
to fP. The pull-back and the push-forward of the Artin-Schreier sequence 

(1.36) > Fp > Ai Ai > 

define a morphism 

(1.37) Mor5(G"', E'') Ext5(E, G) 

of abelian groups, by etale descent. For an integer n ^ 1, let S'„ denote the scheme S 
regarded as a scheme over S by the n-times iteration of the absolute Frobenius S ^ S. 
Since the etale site remains the same by a radicial surjective morphism, the pull-back 
map Exts(i?, G) — i- Ext5^(£' S'„,G Sn) is an isomorphism. Hence, (I1.37P induces a 
morphism 

(1.38) limMorsJG'',^'') ^ E^is{E,G). 

n 

Proposition 1.19. Let E he a vector bundle over a scheme S of characteristic p > and 
let G he a finite etale commutative group scheme over S, killed hyp. The morphism ( I1.38P 
of ahelian groups is an isomorphism if S is quasi- compact. 

The following proof is a modification of that in the case S = Spec k for a perfect field 
k in [ITI Lemme 3]. 

Proof. Since a morphism — t- G of group schemes from a vector bundle to a finite etale 
group scheme is trivial, the presheaf U h-)- Extu{E,G) is an etale sheaf on S. Since S is 
assumed quasi-compact, we may assume S = Spec A is affine, E = A" and G is constant. 
Further, we may assume E = and G = Fp. 

We identify the ring EndA(Ai) with the non- commutative ring A[F] = 0^ AF"' defined 
by the relations F ■ a = a^F for a & A. Then, the boundary map for the Artin-Schreier 
sequence f ll.36p induces an injection 

(1.39) A[F]/{F - 1)A[F] ^ ExtA(A\ F^). 
By the isomorphism defined by the inductive system 

A y A[F]/{F -1)A[F] 



A A[F]/{F-l)A[F] 
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of morphisms of abelian groups, we identify A[F]/{F — 1)A[F] with the additive group of 
the perfection A^ °° = lh^^„ A. 

For S = Spec A, E = and G = Fp, the abehan group Mor5(G'^, E"^) = Mor^(Fp, A^) 
is identified with the additive group A and the transition map A = Mor5,^(G^, E"^) A = 
MoTs„_f_j^{G'^ , E"^) is the absolute Frobenius. Hence the direct limit lii^ Mor s„{G'^ , E"^) is 

identified with the additive group of the perfection A^ °° and to A[F]/{F — 1). Thus, the 
morphism f ll.38p is an injection by fll.39p . 

We show the surjectivity. By replacing A by the perfection A'p °°, we may assume that 
the absolute Frobenius A ^ A is a. bijection. We consider a commutative diagram 

ExtA{A\Fp) > H\A\,Fp) ^*""^^""^^) H'{Al,Fp) 

(1.40) I I 

A[F] > A[T] A[T,,T2] 

where the left vertical arrow is induced by f ll.39p and +,pr^,pr2: — )■ A\ denote the 
addition and the projections. The middle and the right vertical arrows are the surjections 
defined by the pull-back of the Artin-Schreier covering f ll.36p . The lower left horizontal 
arrow is the left A-linear map sending to T^" for n ^ 0. 

Since the constant etale covering A^ x Fp of A^ has a unique structure of extension 
of A\ by Fp, the upper left horizontal arrow ExtA(A^, Fp) H^{A\, Fp) is an injection. 
We regard A[T] and A[Ti,T2] as left y4[F]-modules by the left multiplication of A and 
the action of F defined as the absolute Frobenius. Then, the lower horizontal arrows are 
A[F]-linear and the middle and the right vertical arrows induce isomorphisms from the 
quotients 

(1-41) A[F]/{F-1)A[F]^A[T]/{F-1)A[T] llz^ll^ A[Ti, T2]/(F - l)A[Ti, T2] 

Thus, by an elementary diagram chasing, the exactness of the sequence f ll.4ip implies the 
surjectivity of fll.39p . 

We show that the sequence f ll.4ip is exact. As y4[F]-modules, we have direct sum 
decompositions A[T] =A® ®p^^A[F] ■ T" and A[T^,T2] = A® ep^(„,,„,) A[F] ■ T'^'T^^ 
where the second factors are free left y4[F]-modules. Since the absolute Frobenius on A is 
assumed to be a bijection, the inclusion induces an isomorphism A — )■ A[F]/{F — 1)A[F]. 
Thus, the sequence (ll.4ip is isomorphic to 
(1.42) 

A ^ A/{F - 1) © A ■ ±:ZE1ZE!4 a/{F - 1) © e^(„^^„^) A ■ T^T^^ 
The second map +* — pil — pi 2 sends T" to 

n-l ^ X 

(Ti + T2)" - - T2" = ^ n j 

for an integer p\ n. Since this is if and only if n = 1, the assertion follows. □ 

Lemma 1.20. Let S be a scheme over Fp, E be a vector bundle over S and G be a finite 
etale group scheme of Fp-vector spaces over S. For a morphism G"^ — t- E'^ of the duals 



17 



and for the corresponding extension the following conditions are 

equivalent: 

(1) For every point s of S, the fiber Eg is connected. 

(2) For every geometric point s of S, the geometric fiber — )■ E'J is an injection. 

(3) — )■ E"^ is a closed immersion. 

Proof. {1)^{2) We may assume S = Spec k for a field k. Further, we may assume k is 
algebraically closed. 

Since the composition G ^ E ^ tto{E) is a surjection of Fp- vector spaces, it has a 
section. Hence, the restriction of G^ — )■ E"^ to TTo{Ey regarded as a subgroup is trivial. 
Hence, if G^ — )■ -E^ is injective, we have 7ro(-E) = and E is connected. 

Let X- G — )■ Fp be a non-trivial character and /: — )■ be the image of x- Then, 
the quotient E/Ker x is the extension defined by the commutative diagram 



;i.43) 



> Fp > E/Kei X > E > 

/ 

y Fp y A^ > 0. 



Hence / 7^ if and only if E/Ker x is connected. If E is connected, E/Ker x is connected 
for every x ^ G'^ and G^ — E'^ is injective. 

(2)<;=^(3) Since G^ is finite etale, the map G"^ — t- E"^ is proper and unramified. The 
condition (2) is equivalent to that G"^ — t- -E^ is radicial. Hence it follows from jl2l CoroUaire 
(18.12.6) c)^ a)]. □ 

We study etale sheaves on E such that the restrctions on the geometric fibers of E are 
constant. First, we consider a more general setting. Let G be a finite etale commutative 
group scheme over a scheme S and n ^ 1 be an integer annihilating G. Set A = Z[-, 
The dual G^ = 7iom{G, Z/nZ) of G is defined as a finite etale commutative group scheme 
over a scheme S. 

Let X be a scheme over S and vr: — > X be a G-torsor over X. We define a locally 
constant sheaf Ce of free A- modules of rank 1 on the scheme G^ X5 X as follows. The 
push-forward 7r*A is locally constant sheaf of free A[G]-modules of rank 1. On G"^, the 
tautological character G — t- Z/nZ induces a character G — t- A^ by 1 1— )■ C„ and hence 
defines a morphism A[G] — t- A of A-algebras. We define as tt^A (8>a[g] A. 

Lemma 1.21. Let S be a scheme and n ^ 1 be an integer. Let G be a finite etale group 
scheme of Z/nZ-modules over S and G^ = 'Hom{G,Z/nZ) be the dual finite etale group 
scheme. Let A be the ring Z[^, (n] and A be an etale sheaf of A-algebras on S. Let X be a 
scheme over S and it: E X be a G-torsor over X. Let Ce denote the locally constant 
sheaf of A-modules of rank 1 on X Xs G^ defined above. 

Let Ai be an etale sheaf of A-modules on X and l G T{E,M.) be a section defining an 
isomorphism of A-modules A ^ Ai on E. Let t: S ^ E be a section and assume that 
the restriction map t* : T{E,A) — > r(5', ^) is an isomorphism. 

Then, there exists an idempotent cm £ r(G^,^) and an isomorphism 

(1.44) pr^,{{eM-A)®ACE)^M 

of A-modules on X where pr^ : X x 5 G^ — > X denotes the projection. 
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Proof. First, we assume G and hence are constant. Since the restriction map T{E, A) 
r{S,A) is assumed an isomorphism, the action of G on r{E,Ai) defines a character 
a: G — J- r(S', satisfying q^l) = a{g) ■ l. The idempotents = j^J2gX~^{g)(^{9) 
for characters X- G — t- satisfy g{e^ ■ l) = x{g)^x ' ^x^^ ~ ^' '^^^ isomor- 

phism l: 71* a — > 71*^4 induces an isomorphism e^A ® ^x-^ each x- They 

define an idempotent ej^ = (e^) G T{X G'^,A) = ^^T{X, A) and an isomorphism 
pri,(^ ® Ce) = 0^ e^A ® -> 0;, e^M = M. 

In general, we obtain an idempotent Cm and an isomorphism f ll.44p by patching. □ 

Corollary 1.22. Let S be a scheme over Fp and let ^ G ^ E ^ E ^ be the 

extention of a vector bundle E over S by a finite etale group scheme G ofFp-vector spaces 
over S corresponding to a morphism G^ — )■ E"^ on the dual. Let A be the ring Z[i, Cp\ and 
A be an etale sheaf of A- algebras on S. 

1. The locally constant sheaf of free A-modules of rank 1 on E XsG"^ defined above 
is the pull-back of the locally constant sheaf of free A-modules of rank 1 on E XsE"^ defined 
defined by the Artin-Schreier equation t^ — t = (/, x) by the map E Xs E Xs E'^ . 

2. Let Ai be an etale sheaf of A-modules on E and l G T{E.,M.) be a section defining 
an isomorphism of A-modules A ^ Ai on E. Assume that the geometric fibers of E S 
are connected. 

Then, there exists an idempotent Cm ^ T{E Xg G^,^) and l induces an isomorphism 

pri,((e^ • A) ®A C^) M 

of A-modules on E where pr^^ : E Xg G^ — > E denotes the projection. 

Proof. The assertion 1 is clear from the definition of the extension 0— J-G— J-i?— J-i?— )• 
0. The assumption that the geometric fibers oi E ^ S are connected implies that the 
restriction T{E,A) — )■ r(S', ^) is an isomorphism. Hence, the assertion 2 is a special case 
of Lemma 11.211 □ 



2 Ramification 

In this section, k denotes a perfect field of characteristic p > and X denotes a smooth 
separated scheme over k. Let D be a divisor of X with simple normal crossings and 
U = X — D he the complement. Let -Di, . . . , -D^ be the irreducible components of D 
and R = TiDi + ■ ■ ■ + VhDh be a linear combination with rational coefficients ^ 1 for 
every i = 1, . . . ,h. Let M = rriiDi + ■ ■ ■ + mhDh be a linear combination with integral 
coefficients ^ 1 such that rriiri is an integer for every i = 1, . . . ,h. Let Z C -D be the 
union of irreducible components such that > 1. 

2.1 Construction of dilatations 

We define oversimplicial schemes 

(2.1) Ti^'^) Pi«-^^) ^ f/-+i x,Gt 

in Lemma [2.31 below and study their structures. The superscript h denotes the number of 
irreducible components of D. If R has integral coefficients, we also define 

(2.2) ri^) pi^) ^ 
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directly without introducing an auxiliary divisor M in Lemma [2 .41 

To define (12.11) . we construct a commutative diagram of oversimplicial schemes 



^iR,M) _c_^ j^iRM) _c_^ piRM) ^ ^.+1 ^^^H 



j^iDM) _c_^ piDM) ^ ^ r^H 



(2.3) 



P. 



U' 



+1 



in Lemmas 12. H l2.2ll2.3l below. The horizontal arrows in the right column are open immer- 
sions of the complements of the images of the closed immersions on the left. The second 
line from below is a preliminary construction to make the pull-back of D by projections 
independent of the projection. The third line from below is also a preliminary one to avoid 
introducing singularity even in the case where the coefficients of R may not be integers. 

Let n ^ be an integer. We consider X as a closed subscheme of X""^^ = P„ by the 
diagonal immersion. For an integer ^ j ^ let pr^ : X^^^ — )■ X denote the projection 
and we consider closed subschemes 



(2.4) 



pr*£) 



X. 



The dilatation P^^^ = X"'*'^ (pfj-O-x) open subscheme of the blow-up of X^~^^ at 



D C X. We define Pji^^ to be the intersection of Pji^^ for j 



n. 



Lemma 2.1. 1. The schemes Pi^^ form an oversimplicial scheme P^^\ The morphisms 



Pn — X"+^ define a morphism P» — )■ P, = X*+^ of oversimplicial schemes. 

2. The scheme P^^ is smooth over k. The inverse image of D G X by the canonical 



map Pn — )■ X"+^ is the same as that by the composition Pn — ?■ X"^^ — )■ X with n + 1 
projections and is a divisor with simple normal crossings. The complement Pn^^ — dI^^ 
is f/"+^ 

3. For an injection [0,m] — )■ [0,n], the induced morphism Pn^^ — )■ Pif"* is smooth. 



Proof. 1. It follows from the universality of dilatations. 

3. Let /: [0,m] — )■ [0,n] be an injection. By Corollary 11.161 1 applied to the cartesian 
diagram 

pr}(o)P) > X"+i i X 



the induced map Pi^^ P^n' is smooth. 

2. Taking m = 0, we see that the scheme Pn^^ is smooth over k since Pq^^ 
smooth over k. The rest is clear from this and the definition of dilatation. 



D XkX'' 



^ X 



m+l 



X, 



X is 
□ 
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Next, we define schemes in the second line in ( 12. 3p . Let n ^ be an integer. For 
i = 1, . . . , /i, let C Pi^^ be the pull-back of A- By Lemma 02, the sum dI^^ = 
+ ■ ■ ■ + D^i^ is a divisor with simple normal crossings. We define Pn^''^^^ by applying 
the construction studied in Lemma [1.1 71 to the linear combination rriiDl^^ + ■ ■ ■ + 'mhDl^fl . 

For i = 1, . . . , h, we define a divisor D^''^^^ C Pn^'^^^ as the pull-back of the zero-section 
by the i-th projection as loc. cit. 

Lemma 2.2. 1. The scheme Pn^''^^ is smooth over k and flat over Pr\ The union 
Dif''^^^ = D^^'^^-* U ■ ■ • U D^nh^^^ ^ divisor with simple normal crossings. The pull-hack 
ofDi";^ by Pi"^''^ ^ P^) ism,D[Y'^ for t = 1, . . . , h. The complement Pi^'^^ - dI^'*^) 
is canonically isomorphic to U^~^^ G^. 

2. The schemes Pn^'^^"^ form an oversimplicial scheme p,^^'*^-* . The morphisms Pn^''^^^ 
PrF^ define a morphism p,^^'^^-* — ). p^^^ of oversimplicial schemes. 

3. The diagram 



(2.5) 



p{DM) , p(£») 



piD,M) , p{D) 

-I m ' -I m 



is cartesian for every [0, m] — [0, n] . In particular Pn^'^^^ — )■ Pm'^^^ is smooth if [0, m] — )■ 
[0,n] zs an injection. 

Proof. 1. It follows from Lemma [1.171 

2. It follows from the functoriality fll.SSp . 

3. The cartesian diagram (12. 5 p follows from the cartesian diagram (ll.34p . The last 
assertion on an injection follows from the cartesian diagram (12. 5p and Lemma [2.11 3. □ 

We set 

(2.6) = Po^^'*') D = Z}^^'*') D = Z xz) 

The subdivisor Z^*^) C Pl^*^) is the union of D^- such that r j > 1 . Define Cartier divisors 
of by 

(2.7) P(*^) = r,m,D[''^ + ■■■ + r,m,Di''\ M^^'^ = m,W^ + ■■■ + m,Di''\ 

By Lemma [2^21 the scheme X*^*^) = p^j-^'*^^ is smooth over k and its divisor D^^^^ = D^'^^^ 
has simple normal crossings. Further, the morphism X(^^) = P^^'^^^ ^ X = P^^^ is fiat. 

Let n ^ be an integer. We regard X^^^ = pj^^'^^'' as a closed subscheme of P^f'^^^ 
by Lemma [2.21 3. The linear combination Yl^=i^i{^i ~ integral coefficients 

and defines a Cartier divisor of Pn^'^^\ We consider closed immersions 



Et,m,(r,-l)Di7^) > P^^^''^ < XW. 

t 

p{RM) _^ p^-^'^'^) ig an isomorphism outside the inverse image of Z*^*'^^ 



We define pji^'^^ to be the dilatation defined by the immersions. The canonical morphism 



21 



Lemma 2.3. 1. The schemes P^^'^^-* form an oversimplicial scheme p^^''^^\ The mor- 
phisms pji^'^'^^ — )• Pn^''^^^ define a morphism p^^'^^^ — ). pj-^'*^) oversimplicial schemes. 

2. The scheme P^'^'*^-' is smooth over k. The inverse images Tn^'^"^ C dH^'^^^ of 
Z(M) c P)(*^) c X(*^) by the composition Pi^'^^^ ^ P^^'^^^ ^ X(*^) wi/i n + 1 ^oro^oo- 
sitions are the same and are divisors with simple normal crossings. The complement 

3. For an injection [0,m] — [0,n], the induced morphism Pn^'^'' — )■ Pm'^^'' is smooth. 

Proof. The proof is similar to that of Lemma I2.1[ 
1. It follows from the universality of dilatations. 

3. Let /: [0,m] — )• [0,n] be an injection. By Corollary I L 161 1 applied to the cartesian 
diagram 

ELm,(r,-l)Di^'^) > Pf'^-^) < 



Etim,(r,-l)<f) V P(f'^-^) i 

and by Lemma [2.2[ 3. the induced morphism Pn^'^'^^ — )• P^'^^^ is smooth. 

2. Taking m = 0, we see that the scheme Pn^'^^^ is smooth over k since p^j^'*'^^ = 

over A;. The rest is clear from this and the definition of dilatation. 

□ 

In (12.31) . the multiplication of on the second factors in the right terms U'~^^ 
on the top and the second lines are extended to G^-actions on p^^'^^\ piRM) ^ D^^''^^\ 
D^^''^^^ and on T^^'^\ The left horizontal arrows are closed immersions of Cartier divisors 
and the right horizontal arrows are the open immersions of the complements of the union. 
The right squares of the diagram ( 12. 3 p are cartesian. The pull-backs of the divisor C 
Pi^) are il^^'^^ = Eti^n.^'"'^ C P^'^^^ and M^^'^^ = El^mMf:''^ C Pi^'^^^ 
respectively. 

If P = TiDi + ■ ■ ■ + TfiDfi has integral coefficients, we define Pn^^ directly as the 

-)(-D). 



dilatation (Pi'^'')''^'^^'' ^''^"•^ without introducing an auxiliary divisor M. The canonical 

^ri>l 



map Pi^'' — )■ Pn^^ is an isomorphism outside the inverse image of Z = IJr >i ^i- 



Lemma 2.4. Assume that R has integral coefficients. 

1. The schemes P^"^ form an oversimplicial scheme Pi^"* . The morphisms Pn^^ — )■ Pn^^ 
define a morphism Pi^^ — )■ Pi^^ of oversimplicial schemes. 

2. The scheme Pn^^ is smooth over k. The inverse images Tn^^ C dH^^ of Z G D G X 
by the composition Pn^^ — )■ Pn^^ — )• X with n + 1 propositions are the same and are divisors 
with simple normal crossings. The complement Pn — dO^'' is U^'^'^ . 

3. For an injection [0,m] — )■ [0,n], the morphism P^^ — )■ Pm^ is smooth. 

4. For a divisor M = rriiDi + ■ ■ ■ rrihDh with integral coefficients ^ 1 such that niiTi 
are integers, the diagram 

p{D,M) ^ piR,M) 



piD) ^ piR) 

is cartesian and the vertical arrows are flat. 



22 



Proof. 1.-3. Similar to Lemma 12.31 
4. For integers n ^ 0, the diagram 



{D,M) 
i 



E.=i(r.-iM: 



{D) 



> p{D,M) 



^ Pi."' ^ 



X 



is cartesian and the vertical arrows are fiat by Lemma 12. 2[ Hence, it suffices to apply 
Lemma IL15[ 1 . □ 

We show that the oversimplicial schemes in the diagram (12. 3p are multiplicative. 

Lemma 2.5. 1. The oversimplicial schemes P,, P^^\ P^^'^^' and P^^'^'^^ are multiplica- 
tive. If R has integral coefficients, P, is also multiplicative. 

2. The oversimplicial schemes Di^\ Di^'^^\ oi^'^^' andT^^'^^' are strictly multiplica- 
tive. If R has integral coefficients, vi^' and T^^' are also strictly multiplicative. 

Proof. 1. Since P, = X*~^^ is multiplicative, the oversimplicial scheme P^"' is also mul- 
tipicative by Corollary 11.161 2. By Lemma I2.2[ 3. p^^'^^ is multipicative. Further by 
Corollary Pi^'*^^ and Pi^^ in the case R has integral coefficients are also multi- 

plicative. 

2. Since p^^^ ^ p^^'^^^ ^ p^^'^^^ are multiplicative and since the diagrams 



> p{D) p,{D,M) 



piR,M) rp{R,M) 
~r im J-m 



D 



{D) 



P 



n , 



j^{D,M) 



^ P 



{D,M) 



D 



(R,M) 



P 



(i?,,M) 



rp{R,M) 

-t n 



P 



(R,M) 



. p{R,M) 



are cartesian for [0,n] — )■ [0,m], the oversimplicial schemes D^J^\d'^, 



^(^''^\Di'''''' and 



are multiplicative. Since the morphisms Dn D. 



D^^') and Ti^'"'') ^ Tf '^'^ 



(D,M) 




^(M) independent of 



[0] — i- [0,n], the multiplicative oversimplicial schemes Di^\ Di^'^^\ D^^'^^' and rj^'*^^ 



are strictly multiplicative. Similarly, Di^' and T^"'' are strictly multiplicative in the case 
R has integral coefficients. □ 



(R) 



2.2 Properties of the dilatations 

In order to study further properties of P^^''^^ including the functoriality, we give an 
alternative description. We regard X^*^) as a closed subscheme of X^^^^ x ^ X" by the 
section induced by the canonical map X(^) ^ X and the identity of X^^\ The pull-back 
Df"'^ of R by X(^^) ^ X is a Cartier divisor with integral coefficients. 

Lemma 2.6. 1. Let the notation he as above. We regard X*^^) as a closed subscheme of 
X*^^^) Xfc X" embedded as the graph of the product X^^^^ — )■ X" of the canonical map and 
consider the closed immersions 

(2.8) pr*pW > XW XfcX" i XW. 
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Let P^^^ — )• X^^^ X/j X" denote the dilatation defined by the immersions (12. Sp . Then 
the canonical map pji^'^^^ — )• p^j^'^^^ X" = X*^^"^) X" uniquely lifted to an open 
immersion P^''^^^ — > image is the complement of the proper transforms of the 

pull-hacks of D by the compositions X^^^^ x^ X"' — X" — )■ Xwith the n projections. 

2. Assume further that R has integral coefficients, and consider the closed immersions 

(2.9) pr*/? > X"+i i X 

Lei P — )■ X""*"-^ denote the dilatation defined by the immersions. Then the canonical 
map Pn^'' — 7- X'^'^'^ is uniquely lifted to an open immersion Pn^^ — > P. The image is the 
complement of the proper transforms of the pull-backs of D by the n projections X""*"^ — )• X 
different from the 0-th one. 

Proof. 1. First, we consider the case where R = D. Let P^^J — )■ X"+^ denote the 
dilatation defined by the immersions (12. 4p for j = 0. Then, since X^*^) — )■ X is fiat, we 
have a cartesian diagram 



pin) ^ p(z.) 



(2.10) 



Xn+l ^ J5^(M) X;.X". 



The open subscheme Pi^^ C Pj^^^ is obtained by removing the proper transforms of the 
pull-backs of D by the n projections X"^^ — )■ X different from the 0-th projection. Since 
p{D,M) fiefined by the cartesian diagram (I2.10p with P^^q replaced by Pn'^\ the assertion 
in this case R = D follows. 

We show the general case. Let p: p(^) — )■ Xi'^) denote the projection and regard 
X(*'^) as a closed subscheme of P(^) by the section lifting X^^) X^^) x^X". Then, the 
dilatation P^^^ is canonically identified with the dilatation defined by the immersions 

p*(p(M)_M(M)) y p(D) ^ ^(Af)^ 

Thus the assertion for R follows from that for D. 

2. Similar to and easier than that of 1. □ 

We study the functoriality of the diagram (12. 3p . Let /: X' — )■ X be a morphism 
of smooth schemes over k such that the inverse image U' = f^^{U) is the complement 
of a divisor D' of X' with simple normal crossings. Let D[, . . . , -D^/ be the irreducible 
components of D' and set f*Di = Yl'j=i ^ij^j ioi i = 1, . . . , h. 

We set R' = f*{R) = Eti E?li e..^^- = T^Lir^jD^- Let M' = E^liK^^' 
be a divisor with integral coefficients m'j ^ 1. Then, the diagram (12. 3p is defined for 
X', D', R' and M'. We denote the schemes constructed for X', D', R' and M' by putting ' 

pl(R',M') rpl{R',M') L. 

as In , i n etc. 

We assume that Uj = Cijm'j/mi is an integer for every i = 1, . . . , h and j = 1, . . . ,h'. 
Then, by the cartesian diagram (ll.34p . a canonical morphism X'(^^') — ). x{*^) is defined. 
Since m'^rj = Yli=i hj^ii^i is an integer for every j = 1, . . . , h' , further by Lemma [2.61 and 
the functoriality of dilatation, a canonical morphism 

(2.11) pi{R',M') _^ p(R,M) 
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of oversimplicial schemes is defined. If R and hence R' have integral coefficients, a canonical 
morphism P!}^ ^ — )■ P^^^ is defined similarly. 

We study the schemes in (12.31) more in detail. We compute some normal bundles. For 
a line bundle L on a scheme S, let denote the complement L — of the 0-section. 

Lemma 2.7. For the normal bundles, we have canonical isomorphisms 

(2.12) TxPn TX'^+^/ATX, 

(2.13) TxPji^^ ^ (TX"+VArX)(-D), 

(2.14) rj(M)Pi^'^^^ ((tx"+Vatx) xx x(^^))(-m(^)), 

(2.15) T^tMiPi"^'*'^ ^ ((TX"+VATX) Xx X(*^))(-^(*^)). 
// i? /ias integral coefficients, we have a canonical isomorphism 

(2.16) TxPi^^ (TX'^+VATX)(-i?). 
Proof. The diagonal map X — )■ X""*'^ defines an exact sequence 

Since f2^„+i^^ C'x = fi^^"*"^, we obtain an isomorphism (12.121) . 

In the notation of proof of Lemma 12.61 the scheme Pn^^ is an open subscheme of the 
dilatation P^^^ — > X""*"^. Hence, the isomorphism f ll.26p gives an isomorphism TxPn^'^ — > 
TxPn ® {TdX)®-^. Thus (12131) follows from fl212ll . 

The diagram 



X , P.P) 

is cartesijm and the vertical arrows are fiat by Lemma 12. 2[ Since the pull-back of D to 
X(^) is M(*^) by Lemma E^l fl27[3D implies (jTHj) . 

In the notation of proof of Lemma 12.61 the scheme Pn^'^^^ is an open subscheme of 
the dilatation P^^^ — > X*^*^^ X". Hence, the isomorphism (11.261) gives an isomorphism 
TxPIi""'^'^ ^ (T^(M)(X(*^) Xfc X")) ® (T;^(M)X(*^))«-i. Since X^*^) ^ X is fiat, the 
normal bundle T^(Af) (X*^*^^ x^X") is the pull-back of TyX""*"^ = T^-Pn and is canonically 
isomorphic to rX"+VATX x^ X^^^). Thus (IZTSD follows. The isomorphism (12J6|) is 
proved similarly and more easily. □ 

For a subset / C {1, . . . ,h}, we set Dj = f],-^j Di and Dj = Dj — [j^^j Dm{i}- Simi- 
lariy, =et 5<"" = fl.,, 5."" and S'""" = " U.,, SiS','.,. 

Lemma 2.8. 1. The normal bundles Tj^(m)X^^''^^ is a trivial line bundle over bf \ The 

i 

action of is the diagonal action of that on the base D^^^^ and the multiplication by the 
i-th component. 

2. For a subset / C {1, . . . , h}, the open subscheme Df ^'^° C d\^^^ is a G'f^-torsor over 
canonically isomorphic to Y\i(ziiT£,^X'^ x^. DJ) x^o Y[i0^m,D]- The G'f^-action on 
the latter is by multiplication componentwise. 
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3. We have a canonical isomorphism 



(2.17) Df'*^)^Z}Wxz^Z}f) 

over Z)(^'^) compatible with the G^-action defined on the base Z)(^^) on the right hand side. 
4. We have a canonical isomorphism 

(2.18) T^^'*') ^ ((TX"+VATX) Xx Z(^^))(-^(*^)) 

over Z^^\ The action of is compatible with the diagonal action on the base scheme 
Z^^^ and multiplication of the product of miTi-th powers of i-th components on the fiber. 
If R has integral coefficients, we have a canonical isomorphism 

(2.19) T^^) ^ ((TX"+VATX)(-i?) Z. 

Proof. 1. and 2. Clear from the construction of X^^'^\ 

3. It follows from the cartesian diagram (12.51) . 

4. Similarly as in the proof of (I2.15p . the isomorphism (I1.25P gives a canonical isomor- 
phism 

(2.20) ^ (T^(M)(X(^) X X")) X ^(*')) ® (T^,M)X(*^))®-i. 

Since the normal bundle T^(m)(X(*^) x X") is (TX"+7ATX) Xx X^^^\ we obtain an 
isomorphism (I2.18p . The compatibility on the G,^-actions follows from the assertion 1. 

If R has integral coefficients, an isomorphism (I2.19p is defined similarly and more 
easily. □ 

Corollary 2.9. The strictly multiplicative smooth oversimplicial schemes J'i^'*^'* is an 
oversimplicial scheme associated to the vector bundle 

(TXxxZW)(-^W) 

over Z^^"^^ . 

( 

If R has integral coefficients, T, is an oversimplicial scheme associated to the vector 
bundle TX{—R) Xx Z over Z . 

Proof. By Proposition 11.41 and Lemma [2T8l the strictly multiplicative oversimplicial scheme 
Ti^'^^^ isjissociated to a group scheme Pf^'^^^ = {{PXyAPX) Xx Z(^))(-i?W) = 
(TX Xx Z(*^))(-i?(^^)) over T^^'^'^^ = Z^^'^\ It is easily checked that the group structure 
of T]^^'^^^ is defined by the addition on the vector bundle (TX Xx Z^^'^^){~R^^^^). 

In the case R has integral coefficients, the assertion on P^^^ is proved in the same 
way. □ 

The schemes p^^'^^ and p^^'^^ depend on M as follows. 

Lemma 2.10. 1. If M = D, the scheme P^f'^^^ is canonically isomorphic to the G^- 
torsorY^=iL{D^^^ )^ over Pn^\ 
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2. Let m'- = lirrii ^ 1 be integers for i = 1, . . . , h and set M = rriiDi + ■ • • + m^Dh and 
M' = m[Di + ■ ■ • + m'f^Dh. Then, the diagram 



ARM') 



(2.21) 



(R,M) 



is cartesian and the vertical arrows are finite flat. The vertical arrows are compatible with 
the G^-actions and the morphism — j- sending [tt) to [t^'). 

If R = D, the isomorphisms fl2.17p for M and M' make a commutative diagram 



D 



{D,M') 



(2.22) 



(D,M) 



The isomorphisms fl2.18p for M and M' make a commutative diagram 



iR,M') 



(2.23) 



rp(R,M) 

-t n 



((TX'^+VATX) xx Z(^^'))(-i?(^'^')) 



((TX"+VATX) xx^(^^))(-i?(^^)). 



Proof. 1 . It follows from in Example 11.121 

2. For n = and R = D, the cartesian diagram fl2.2ip follows from the construction 
of = Pjj^'^^) and = P^^'^^'K The rest follows from this and Lemma EH □ 



2.3 Ramification of Galois covering and an additive structure 

We keep the notation fixed at the beginning of the section. Let G be a finite group and 
V^U = X-Dhea. G-torsor. The quotients V+^/AG of the (n + l)-fold fibered 
products over k by the diagonal action of G for integers n ^ define a finite etale 

morphism V'^'^/AG — t- f/*+^ of oversimplicial schemes. 

Lemma 2.11. The morphism V'^-^/AG — ?► U*^^ is a multiplicative morphism of over- 
simplicial schemes. 

Proof. It suffices to show that an additive cocartesian diagram (11.11) defines a cartesian 
diagram 

y^+VAG xu^+i [/"+^ i l/^+VAG 

< V^+^/AG Xui+iW'+K 

The fibered product V'+^AG X jjm+i U^^^ is canonically identified with the quotient 
of by AG X G'+^ Similarly V^+^ / AG x^i+i f/"+^ is canonically identified with the 
quotient of by G™+i x AG. Hence it follows from (AG x G'+i) n (G™+i x AG) = AG 
in G"+i. □ 
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We consider the morphisms 



of oversimplicial schemes over k. For an integer 0, let Qn^'*^^ denote the normahzation 
of P-i^'^^^ in the finite etale covering V"'^^/AG x Gm — ^ W^^-^ x Gm- Then, by Lemma 
II. 81 1. the schemes Qn^'*^^ for integers n ^ form an oversimphcial scheme Qi^'^^^ over k 
and we obtain a cartesian diagram 



(2.24) 



V^'+VAG X G, 



f/'+i X Gfl 



of oversimphcial schemes. For n ^ 0, the canonical map 
lifting of the lifting Pq = X ^ Pn of the diagonal map X — )• 



n lb a 



Definition 2.12. Let V ^ U = X — D be a G-torsor for a finite group G. Let R = 
TiDi + ■ ■ ■ + ThDh and M = rriiDi + ■ ■ ■ + rrihDh be linear combinations with rational 
coefficients ^ 1 and integral coefficients mj ^ 1 such that miVi is an integer for every 
irreducible components Di, . . . ,Dh of D. We say that the ramification ofV over U along 
D (resp. at a point x of D) is bounded by R+, if the finite morphism 

q(RM) ^ p{RM) 

is etale on a neighborhood of the image of Qq^'^'^^ = X*^^^ — )■ Q[^'^^ (resp. of the image 
by Qf'^^^ = X^^'^'> Qf'^'^^ of the inverse image of x by ^ X). 

We show that the condition in Definition 12.121 is independent of the choice of a divisor 

M. 



Lemma 2.13. Let M' = m[Di + ■ • ■ + m'^Dh be linear combinations with integral coeffi- 
cients TTij ^ 1 such that m[ = lirni is divisible by rrii for every 1, . . . ,h. 
1. The cartesian diagram 



f/'+i X G'^ < V+^/AG X G, 



f/*+i X Gt 



V+VAG X G^ 



of oversimplicial schemes over k where the vertical arrows are defined by the map on the 
second factor G^ sending (tj) to is extended to a commutative diagram 



p(R,M') ^ 



(2.25) 



iR,M) 



{R,M') 



(R,M) 



of oversimplicial schemes over k. 

2. Let X be a point o/X*^^^^ = Q^^'^^ and x' be a point ofX^^^'^ = Q'^'^ ■* above x by the 
map defined in 1. Then, Q[^'^^^ — t- p^^'^'^^ is etale on the image of x by Q[^'^'^ ^ — p^^'^'^ ^ 
if and only if q[^'^^ ^ — )■ p^^'^'^ ^ is Stale on the image of x' by Qq^'*^ — ?■ Q\^'^^ ■* . 
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Proof. 1. It follows from the functoriality of normalizations, Lemma [1. 61 1. 
2. The commutative diagram fl2.25p defines a commutative diagram 



XiM') ^ p 



(R,M') 




(R,M') 



XiM) ^ p 



iR,M) 



(R,M) 



and its lifting 



X(*^') = Q 



{R,M') 




(R,M') 



{R,M) 




(R,M) 



If Q[^'^^^ — )■ p^"^''"' is etale on the image of x, then Q\ 



,(R,M) 



{R,M') 



— )■ P^^'^^ is etale on the 



image of x' by Lemma I1.6I 2. Since the diagrams above satisfy the conditions (l)-(3) of 
Lemma [L9l if ■* — )■ p^^'^^ ^ is etale on the image of x', then q[^'^^^ — p^^'^^^ is etale 

on the image of x by Lemma IL9I □ 



Theorem 2.14. Let X be a smooth separated scheme over a perfect field k and D be a 
divisor with normal crossings. Let V ^ U be a G-torsor on the complement U = X \ D 
for a finite group G. Let R = riDi + • ■ ■ + r^Dh and M = rriiDi + ■ ■ ■ + mhDh be linear 
combinations with rational coefficients rj ^ 1 and integral coefficients rrij ^ 1 such that 
rriiri is an integer for every irreducible components Di, . . . , Dh of D. We consider the 
commutative diagram 



(R,M) 



of oversimplicial schemes over k. 

Assume that the ramification of V over U along D is bounded by R+. For each in- 
teger n ^ 0, let Wn^'^^'^ be the largest open subscheme of qH^'^^^ etale over Pn. Then 



^^{R,M) j^^^ oversimplicial open subscheme 



(.R,M) 



{R,M) 



{R,M) 



ofQ'. 



{R,M) 



is multiplicative and the oversimplicial scheme W, ' is multiplicative 



Further, the morphism 

{R,M) 



Proof. We apply Lemma [1.81 2 to the etale and multiplicative morphism of oversimplicial 
schemes V'~^^ / AG x^G^ — )■ p^^'^'\ By Lemma [2?3l 3. the assumption (1) in Lemma [L8l 2 



that 



(_R,M) 



^P 



are smooth for injections [0,m] — )■ [0,n] is satisfied. 



Since V/G — ?■ t/ is an isomorphism, the morphism Qq 



{R,M) 



P 



(i?,M) 



IS an 



isomorphism. The assumption that the ramification is bounded by P+ means that the 
assumption (2) in Lemma [T78l 2 that the morphism V/G x G^ {V x V)/AG x G^ is 



extended to X^^^ = Wp^^ wr'""''^ is also satisfied. 

Thus by Lemma [L8l 2. Wn^'^^'' form an oversimplicial open subscheme lyi^'*^^ of Qi^'^^^ 
and the morphism W^^'^^^ — t- P^^'^^^ is multiplicative. Since P^^'^^^ is multiplicative by 
Lemma [2.51 2. the oversimplicial scheme wi^'^^^ is multiplicative by Lemma [1.21 (2)^(1). 

□ 
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Corollary 2.15. Define an oversimplicial scheme E^^''^^^ by the cartesian diagram 



(R,M) 



(R,M) 



rpiR,M) 

Then, the oversimplicial scheme eI^'^^ is strictly multiplicative and the left vertical arrow 



{R,M) 



{R,M) 



{RM) 



of oversimplicial schemes is etale and multiplicative. 

{RM) 



The multiplicative oversimplicial scheme E, is associated to a smooth group scheme 



iR,M) 



over E, 



Further, the multiplicative morphism E, 



(RM) 



^ Ti^'*^) zs 



associated to an etale morphism 



(2.26) 



{RM) 



(RM) 



rp{RM) 



of smooth group schemes over Z^^^'> . 



Proof. Since the morphism W, 



(RM) 



(RM) 



is an etale multiplicative morphism of multi- 



plicative oversimplicial schemes by Theorem 12.141 its base change Ei^'^^"^ — )■ T^^'^^^ is also 
an etale multiplicative morphism of multiplicative oversimplicial smooth schemes. Since 



rp{RM) jg strictly multiplicative by Lemma I2.5[ 3. E^"'^^^' is also strictly multiplicative. 
Hence by Proposition ll.4[ 2. the oversimplicial scheme E^^'^"^ is associated to a smooth 



{RM) 



group scheme e[^''^^^ over E^ 



■.{RM) 



Z)*^*^) and the morphism Ei^'^^'' — )■ T^^'^'' is associated 

□ 



to an etale morphism E[ ' — )■ T| ' of group schemes over Z'^^^^ . 

Proposition 2.16. 1. There exists a unique open subgroup scheme 

E{R,m)o ^ e'^RM) 

such that for every point of x E Z^^^\ the fiber E^^'^'^^^ x^{m)X is the connected component 
of x^(jvf) X containing the unit section. The group scheme E^^'^^"^^ over is 

commutative and killed by p. The restriction of (12.261) 

(2.27) T(^'^) = (TX xx Z(^^))(-P(*^)) 

is an etale and surjective morphism of commutative group schemes. The kernel of (I2.27P 
is an etale commutative group scheme annihilated by p. 
2. Let M' be as in Lemma [2.131 Then the diagram 



(2.28) 



E{R,m')o 



E{R,m)o 



rp{R,M) 



^ ZiM') 



is cartesian. The morphism E^^'^^^^ — > T^^'^^'^ is finite if and only if — > T*^^'*^'^ 
is finite. 

Proof. 1. Since E^^'^'^'^ is a smooth group scheme, the open subgroup scheme E^^'^'^^^ 
exists by [3 Theorem 3.10 (i) ^(iv)]. By Lemma II. 18^ E^^'^'^^^ is commutative and 
killed by p. Consequently, the kernel Ker{E^^'^^^'^ — > T^^'^^'^) of an etale morphism is an 
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etale commutative group scheme annihilated by p. Since E^^''^^^^ is an open subscheme 
of E^^''^'^\ the morphism fl2.27p is etale. Since the fibers of the vector bundle T^^'^^ are 
connected, it is surjective. The description of T^^'*^^ is given in fl2.18p . 
2. The commutative diagram ( ]2.25p defines a commutative diagram 



(2.29) 



without 0. The right square is cartesian by Lemma [2. 101 2 and hence the left vertical arrow 
induces an open immersion E^^'^'^ — )■ E^^''^^^ ^d(m) -D'-^^'-'. Thus, the left square in ( I2.28P 
is also cartesian. 

Since fl2.28p is cartesian, the finiteness of the morphism E^^'^^^ — )■ T*^^'*^^ implies the 
finiteness of ^ T^R^^'\ Since Z^^'^ Z^*^) is finite surjective, the converse 

holds. □ 



( 

If R has integral coefficients, we can work with P, without introducing an auxiliary 
divisor M, which is much easier. 

Definition 2.17. We say that the ramification ofV over U is non-degenerate along D at 
multiplicity R if the Stale surjective morphism (12.270 is finite. 



Proposition 12. 16l 2 implies that Definition 12.171 is independent of the choice of M such 
that rriiTi is an integer for every i = 1, . . . , h. If D is smooth and if r = ri > 1, the right 
vertical arrow is an isomorphism by Lemma [2.101 2. and Z'^'^^^ is 

canonically identified with TdX^ by Lemma [2.101 1. 



Example 2.18. Let X be the affine plane 
ment of the smooth divisor D defined by x 



^ — Spec k[x,y] and U be the comple- 
0. Let r > 1 be an integer and set 



R = rD. Then, the dilatation 

1 



(R) 



Spec k[x,y,x',y'] 



X 



phic to Spec k[x, y, u, v 



1 + ux 



r-l 



X — X y 
by M i-T- — , V ^ — 



X' 

- y 



X y — y X 
' 7 

X 



X' 

. Set G 



IS isomor- 



F 

r p. 



X' X' 

1. Let n ^ 1 be an integer prime to p and V be the G-torsor over U defined by 
the Artin-Schreier equation t^ — t = — . Then, V x V/AG is the G-torsor over U x U 



X" 



defined by the Artin-Schreier equation t^ — t 



X" 



X'' 



X'' 



( R) 

r = n + 1, the right hand side is a regular function on P{ and hence the ramification 
of V over U along D is bounded by R. Further, the right hand side is congruent to —nu 
modulo X. Hence, E^^'> — > T^^^ is the G-torsor defined by the Artin-Schreier equation 
t^ — t = —nu and the ramification of V over U along D is non- degenerate. By identifying 
T'-^^ with TX{—R) Xx D, the linear form —nu is identified with the differential form 

dx 1 
—n — — = d — . 

2. Let n ^ 1 be an integer divisible p and V be the G-torsor over U defined by the 



'1 -|- ux' 



r—l\n 



- 1 



For 



Artin-Schreier equation t^ — t 



— . Then, V x V/AG is the G-torsor over U x U defined 
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by the Artin-Schreier equation 

y' y y' [ i \ vx^ 



(2.30) - 1 



'1 + ux 



r—l\n 



For r = n, the right hand side is a regular function on and hence the ramification of 
V over U along D is bounded by R. 

We put n = n'n" where n' is the prime-to-p part of n and n" is a power of p. Then, we 
have (l + ux""^)" = l + n'u^ rji.{n-i)n j^iod _ Since n ^ {n — l)n" and the equality 

is equivalent to n = n" = 2, the right hand side of fl2.30p is congruent to —v modulo x if 
n ^ 2 and to yu^ — v modulo a; if n = 2. Hence, E^^^ — )■ T^^^ is the G-torsor defined by 
the Artin-Schreier equation — t = —v ii n ^ 2 and — t = ^/yu — v defined over the 
radicial covering of degree 2 of if n = 2. Consequently the ramification of V over U 
along D is non- degenerate. By identifying T^^^ with TX{—R) Xx D, the linear form —v 

is identified with the differential form = d — . 

2.4 Ramification and the cotangent bundle 

We keep the notation V U = X — D over k in the previous subsection. We relate 
ramification to the cotangent bundle using the finite etale surjective morphism fl2.3ip . 
assuming that the ramification is non-degenerate along D. Assume that the ramification 
oiV^U along D is bounded by R+ and is non-degenerate at the multiplicity R. In this 
subsection, we fix M and write the finite etale morphism (12.27^ of smooth group schemes 
over Z = Z^^^^ as 

(2.31) ^ T(^) = {TX Xx Z){-R) 
by abuse of notation. 

The kernel G^^^ of the finite etale morphism fl2.3ip is a commutative finite etale group 
scheme killed by p. By Proposition 11.191 and Lemma ll.20[ the extension 

(2.32) > G(^) > y T(^) > 

defines a closed immersion 

(2.33) ^ r(^)^ 

of a finite etale Fp-vector space scheme to the dual vector bundle defined over a finite 
radicial covering F"' : Z^^ — > Z. Here and in the following, for a scheme over 5* over k, 
we define a scheme S^^ over k and a radicial covering F"' : 5*^^ — ?■ 5 by the diagram 

Sip-") y S S 



k > k 



F, 



k 



as follows. The right square is the usual commutative diagram with the n-th powers of 
the absolute Frobeniuses F^ and Fs- The right square is the base change by the inverse 
of F^. The composition of the lower line is the identity and that of the upper line defines 
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Definition 2.19. We call the injection (12.331) of commutative group schemes defined over 
pn . ^{p ") 2^ the characteristic form of V over U at multiplicity R and write 

(2.34) ChaiRiV/U) : G^^)^ ^ T(^)^ = {T*X Xx Z){R). 

The logarithmic variant of the characteristic form for an abehan covering is defined 
and studied by Kato in [15j and [TB] and called the refined Swan conductor. 

We study the functoriality of characteristic form. Let X' be another smooth scheme 
over k and / : X' — )■ X be a morphism over k. Assume that f~^{U) is the complement U' = 
X' — D' of a divisor D' C X' with normal crossings. Let D[, . . . , D^, be the irreducible 
components of D' and set f*Di = Yl^=i ^ij-^j ior i = 1, . . . , h. 

We set R' = f*{R) = Eti ^ E -li e^,/^; = E-li^i^^ Let M' = E'LMD'j be a 
divisor with integral coefficients m^- ^ 1. We assume that lij = eijfn'j/mi is an integer 

for every i = 1, . . . ,h and j = 1, . . . ,h'. Then a canonical morphism P,'*''^ '^^ ■* — )■ pj'^'*^-' 
(12. lip is defined. We also fix M' and we write Z' = Z'^^^ ^ etc. by abuse of notation. 

Definition 2.20. Assume that the ramification of V over U along D is hounded by R+ 
and is non- degenerate at multiplicity R. Let f : X' ^ X be a morphism of smooth schemes 
over k such that f~^{U) is the complement U' = X' — D' of a divisor D' C X' with simple 
normal crossings. 

We say that f : X' X is non-characteristic with respect to the ramification ofV^U 
along D at multiplicity R, if the composition 

G(^?)Vx~Z' > T(«)^x^Z' y T(^')v 

(2.35) II II 

{T*X XxZ){R)x^ Z' {T*X' X x' Z') {R') 

defined over F": Z'*^^ Z' is injective. 

Lemma 2.21. Assume that the ramification of V U along D is bounded by R+ and 
is non- degenerate at multiplicity R and let f : X' ^ X be a morphism of smooth schemes 
over k as above. Then, the following conditions are equivalent: 

(1) /: X' — )■ X is non- characteristic with respect to the ramification ofV-^U along 
D at multiplicity R. 

(2) For every point x of Z' , the fiber (^E^^^^ T^^^) x^, x is connected. 

Proof. By the definition of characteristic form, the composition G^^^"^ x^Z' ^ ^ ~ 

Z' T^R')^ corresponds to the extension E^^^° Xr(^) T^^'^ of T^^') by G^-^) x^Z' obtained 
as the pull-back by T^^') T^^) x ^ of the base change of f l232|) by Z' Z. Thus, the 
injectivity of the composition G^^^^ x^Z' ^ )v jg equivalent to the condition (2) by 
Lemma [L20l □ 

We define a finite etale G-torsor V U' by the cartesian diagram 

X' < U' i v 

f 

X < U < V 
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and set R' = f*{R)- Then, by the functoriahty of dilatations fl2.1ip . we obtain a cartesian 
diagram 



pi{R',M') ^ 



(2.36) 



{R,M) 



U 



V+^/AG X G 



f/'+i X Gt ^ 



V+VAG X G^. 



Proposition 2.22. Assume that the ramification of V U along D is bounded by R+ 
and is non- degenerate at multiplicity R. Let f : X' ^ X be a morphism of smooth schemes 
over k and M and M' be as above. 

1. The ramification of V' over U' along D' is bounded by R'+ and we have an open 
immersion 



(2.37) 



w. 



l(R',M') 



of multiplicative oversimplicial schemes Z' etale over T!}^ '^^ ^ . 

2. Further assume that the ramification of V over U is non- degenerate along D at 
multiplicity R. Then, the following conditions are equivalent. 

(1) f : X' X is non- characteristic with respect to the ramification ofV^U along 
D at multiplicity R. 

(2) The open immersion f l2.37p induces an isomorphism 



(2.38) 



E'm^ y X5.(«) T'(«'). 



(3) The ramification of V' over U' along D' is non-degenerate at multiplicity R' and 
there exists an isomorphism G^^^'^ Xg — )■ G'^^'^"^ that makes a commutative diagram 



Qf{R')V 



Cha.Tj^,{V'/U')^ 



rp>{R')V 



(2.39) 



G(«)Vx^Z' ^^!ff^^ T(«)Vx^Z'. 



Proof. 1. It suffices to apply the functoriahty Lemma [1.61 2 to the diagram fl2.36p . 

2. The open immersion fl2.37p induces an open immersion E^^''^^ Xj.{jj,a/) T'^^ ''^^ ^ — )■ 
j^/{R ,M ) g^^^ hence an open immersion (12. 38 p . 

By Lemma 12.211 the condition (1) is equivalent to that, for every point x' of Z' the 
fiber (£'('^)° XtW T'^^^) x^, x' is connected. Hence, the condition (1) is equivalent to the 
condition (2). 

An isomorphism G'-'^-*^ ^ z (7'(^')v jjiaking the diagram (I2.39P is equivalent to an 
isomorphism 







J238t 

x^(«) T'(«') — > r(«') 



^ 







of extensions over Z' . Hence the condition (3) is equivalent to that the etale morphism 
E'iR')o j"iR') is finite and that (I2.38P is an isomorphism. By the assumption that the 
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ramification of V over U is non-degenerate along D at multiplicity R, the etale morphism 
^{fi)o _^ x^R) is finite and the target of f l238|l is finite over T'^^'\ Thus, the condition (3) 
is also equivalent to the condition (2). □ 



Corollary 2.23. Assume that the ramification ofV-^U along D is bounded by R+ and 
is non-degenerate at multiplicity R as above. Let X" X' X be morphisms of smooth 
schemes over k such that the inverse images of U are the complement of divisors of X' 
and of X" with simple normal crossings. Then, the following conditions are equivalent. 

(1) The composition X" X is non- characteristic with respect to the ramification of 
V over U along D at multiplicity R. 

(2) X' ^ X is non- characteristic with respect to the ramification of V over U along 
D at multiplicity R on a neighborhood of the image of X" — )■ X' and X" — )■ X' is non- 
characteristic with respect to the ramification of V over U' along D' at multiplicity R! . 

Proof. We consider the open immersions 

(2.40) ^ E'(«')o x^,(«,) T"(^") ^ x^(fi) T"(^") 

over Z" in (l238|l for X" -> X' -> X. By Proposition[22l2, the condition (1) is equivalent 
to that the composition of (12.401) is an isomorphism. Since the morphisms in (I2.40p are 
open immersions, it is equivalent to that the first map is an isomorphism and that (I2.38P 
is an isomorphism on the image of X" — )• X' . Hence the assertion follows. □ 

We study the restrictions to curves. Let S C TX denote the union of the im- 
ages of the hyperplane bundles defined as the zero locus of the image by the injection 
C\ia.i Riy/U): ^ T(^)^ of non-zero sections defined over F": Z^p~"^ Z. 

Lemma 2.24. Assume that the ramification ofV^U along D is bounded by R+ and is 
non- degenerate at multiplicity R as above. Let C be a smooth curve and f : C ^ X be a 
morphism over k such that the pull-back f*D is a divisor of C. Then, for x G f*{D), the 
following conditions are equivalent. 

(1) /: C — 7- X zs non- characteristic with respect to the ramification ofV over U along 
D at multiplicity R on a neighborhood of x. 

(2) The image of the map T^C — ?■ Tf(^^^X on the tangent space is not contained in 
S defined above. 

Proof. Clear from the definition of non-characteristicity. □ 

Corollary 2.25. Assume that the ramification ofV^U along D is bounded by R+ and 
is non- degenerate at multiplicity R as above. Let f : X' X be a morphism of smooth 
schemes such that the inverse image U' ofU is the complement of a divisor D' of X' with 
simple normal crossings. Then, the following conditions are equivalent. 

(1) f : X' ^ X is non- characteristic with respect to the ramification ofV overU along 
D at multiplicity R. 

(2) For every point closed point x' of D' , there exists a smooth curve C defined on a 
neighborhood of x' in X' meeting each component of D' transversally at x' such that the 
composition C ^ X' ^ X is non- characteristic with respect to the ramification of V over 
U along D at multiplicity R. 
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Proof. (1)^(2): By Proposition 12. 221 2. the ramification of the pull-back V = V Xu U' 
along D' is non-degenerate at multiplicity R'. By Lemma [2.241 (2)^(1), for every closed 
point x' of D', there exists a smooth curve C defined on a neighborhood of x' in X' 
meeting each component of D' transversally at x' such that the composition C X' is 
non-characteristic with respect to V over U' . By Corollary 12.231 (2)^(1). the composition 
C" — )■ X is non-characteristic with respect to V over U . 

(2)^(1): It follows from Corollary 01(1)^ (2). □ 

2.5 Ramification groups 

We briefly recall from [1], [2] and [19] the definition and basic properties of the filtration 
by ramification groups of the absolute Galois group of a local field with not necessarily 
perfect residue field. Let i^' be a complete discrete valuation field and Ok be the valuation 
ring. We fix a separable closure K of K. Its residue field F is an algebraic closure of the 
residue field F . Let L be a finite etale algebra over K and let T denote the normalization 
oi S = Spec Ok in L. We consider a cartesian diagram 

Q i T 

(2.41) I 

P i S 

of schemes over S satisfying the condition: 

(P) The horizontal arrows are closed immersions, the vertical arrows are finite flat and 
P and Q are smooth over 5*. 

Let r > be a rational number. Let K' be a finite separable extension of K contained 
in K such that er is an integer for the ramification index e of K' over K. Let S' denote 
the normalization of S in K' and F' be the residue field of K' . Let D G P and D' = 
P y<s Spec F' C Ps' = P Xs S' denote the closed fibers and define the dilatation PgT^ 
to be PgT^ ^ ■ Let Q^gJ'^ denote the normalization of the base change Q Xp P^T^^ . As a 
consequence of Epp's theorem, there exists a finite separable extension K' such that the 
geometric closed fiber Q^T'' x s' Spec F is reduced. Further the finite morphism 

(2.42) = qJ;) X5, Spec F ^ P^ = P^f ^ x^, Spec F 
on the geometric closed fibers is independent of K'. 

Definition 2.26. Let K be a complete discrete valuation field, L be a finite etale K- 
algebra and r > be a rational number. Then, we say that the ramification of L over K is 
bounded by r+ (resp. r) if there exist a cartesian diagram fl2.4ip satisfying the condition 
(P) above and a finite separable extension K' over K such that qP ^ P^;^ ( 1^ %s a 
finite etale covering (resp. a totally decomposed finite etale covering). 

We recall main results from p!] and |2]. The condition in Definition 12.261 holds for 
one cartesian diagram (12.41 p satisfying the condition (P) for an extension K' if and only 
if it holds for every such diagram for every finite separable extension over K'. The full 
subcategory of the category of finite etale i^'-algebras consisting of those such that the 
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ramification is bounded by r (resp. by r+) form a Galois subcategory and its fundamental 
group is the quotient GkIG^k (resp. Gk/G^k) by the ramification group (resp. = 



y}s>r^K) of absolute Galois group Gk = Gal{K / K). The subgroup G]^ is the inertia 
subgroup Ik = Gal{K'^^ / K) and G]^ is its p-Sylow subgroup Pk- 
The diagram (12.4 ip induces a commutative diagram 



(2.43) 



(er) 



S' 



where the normalization Ts' of T X5 S" is the disjoint union of copies of 5" indexed by 
embeddings L ^ K over K if K' contains the Galois closure of L over K. We call the 
closed point of P^^ defined by the bottom horizontal arrow of fl2.43p the origin and let it 
denoted by 0. Then, if the ramification of L is bounded by r+, the diagram (I2.43P induces 
a cartesian diagram 



Q 



(r) 
F 



(2.44) 



Mot k{L,K) 



0. 



Assume L is a Galois extension of K such that the ramification is bounded by r+. 
We fix an embedding L ^ K and identify the Galois group G = Gal{L/K) with the set 
Mori<-(L, K) of embeddings. Let G^""^ C G denote the ramification subgroup defined as the 
image of C Gk by the surjection Gk — > G = Gal(L/i^). Then, G^*"^ C G is identified 
with the intersection Q^p'^ fl G with the connected component containing the image 
of the fixed embedding 1 G Ga\{L/K) = Motk{L, K). Further Q^'^ is a G'^^-'-torsor over 

Pp^ compatible with its canonical action on the subset G^'^\ Thus, we obtain a canonical 
surjection 



(2.45) 



7ri(P^\0)->G«. 



Proposition 2.27. Let X be a smooth scheme over a perfect field k of characteristic p > 
and D be a smooth irreducible divisor of X. Let ^ be the generic point of D and K be the 
fraction field of the completion Ox,(, of the discrete valuation ring. Let G be a finite group 
and V ^ U be a G-torsor. Then for the finite Stale K -algebra L = T{V Xu K,0) and a 
rational number r > 1, the following conditions are equivalent: 

(1) The ramification of L over K is bounded by r+. 

(2) The ramification ofV over U at ^ is bounded by R+ = rD+. 

Proof. Set S = Spec Ok- Since T = Spec Ol Y Xx S is an isomorphism, the cartesian 
diagram 

Q = YxkS i T 



P =X x.S <- 



S 
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satisfies the condition (P) for fl2.4ip . Let K' be a finite separable extension of K of 
ramification index ck'/k = e sucfi tfiat er is an integer, tfiat K' contains L as a subfield 
and that the geometric closed fiber of Q^T"* is reduced. 

Set M = eD. In order to link Definitions 12.121 and I2.26| we construct a diagram 



(2.46) 



(R,M) 



PI 



(R,M) 



pie,R) 



X 



S'' 



such that the base change by f/ — )■ X is 

(2.47) iy Xk V)/AG Xk Gm V x^ Spec K' x^ G 

U XkU Xfc G„ U Xfc Spec K' x^G 

Pl'2 

Spec K' 



■Y x.K' 




X x.K' 



U- 



as follows. Set Ps' = P Xs S' = X Xk S' and let D' = Pgi Xs' Spec F' be the closed fiber. 
The scheme Pg^^ for r = 1 is the dilatation -P^?^ ^ ^ with respect to the Cartier divisor 
eD' and the transpose S' C Ps' = X x^ S' of the graph of the composition S" — > 5 — > X. 



Defined P^f^ C P^?^ 



{eD'-S') 



to be the complement of the proper transform of the 
inverse image of D by the projection Ps' — )■ X. The canonical map Pif^ — )■ S' is smooth 



and we have a natural map Pi""^ ^ P^' 

Xx iS* ■(— Pg.; by the functoriality of dilatation. 



AD) 



Let P)^?^ 



Pof ■* X 5/ Spec F' denote the closed fiber. 



Similarly to the definition of P^ ' and P{ 



(D,M) td(^'^) define Pi^'^^ and Pct'^"* as follows. 



We consider the dilatation of Pg, x with respect to e-times the 0-section regarded 
as a Cartier divisor and the closed subscheme D^J^^ x A^. We define P^,'^^ by further 
removing the proper transform of P^f'' x A^. The scheme P^^'^^ is a Gm-bundle over 
p|f ^ and hence the canonical map P^^'^^ — )• S' is smooth. Let Tp,'^^ denote the closed 



fiber and let S' = S' x (d) Pi^'^^ be the G^-bundle over S'. Similarly, we define S' as 

/ 1 

an open subscheme of the dilatation of (S" x A^)^^^^^ *^'^ obtained by removing the 
proper transform of D' x A^ and regard it as a closed subscheme of P^,'^\ 

Let P^^'^^ be the dilatation of Pg^/^^ with respect to the Cartier divisor e(r — l)Tp,'^^ 
and the closed subscheme S' C P^,'^\ By the functoriality of the dilatation and by 
the canonical isomorphism (p^^))(e(r-i)D' s") _^ P^i''\ we obtain the lower part of the 
commutative diagram fl2.46p . 

By the assumption that K' contains L as a subfield, we obtain the upper left square of 
the diagram fl2.47p as a cartesian square. By taking the normalizations of the schemes on 
the middle line of fl2.46p in those on the top line of fl2.47p . we complete the construction 
of the commutative diagram ([23nD- The scheme Pp^^ is a Gm-bundle over the open 
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subscheme P^T^ x ^{e) P^f -* of P^T^ and hence the canonical map P^?'^'' 



(er) . 



is smooth. 



The closed immersion S' P^^'^^ is canonically lifted to a closed immersion S' — > Pg^'^\ 



We show that the conditions (1) and (2) are equivalent. We consider the diagram 



(2.48) 



(R,M) 



PI 



{R,M) 



Q 



S' 



-> Q 



(er) 
5' 



P< 



(e,R) 



, pier) 



where the lower half is the same as the upper half of f l2.46p and the upper vertical arrows 
are the canonical sections. The condition (1) is equivalent to that the lower left vertical 
arrow in f l2.48p is etale on a neighborhood of the image of the inverse image of the generic 
point ^ of D by X'^^^ — )■ X. This is equivalent to the same condition for the base change 
of the left column of fl2.48p by X ^ S*. The condition (2) is equivalent to that the lower 
right vertical arrow of fl2.48l) is etale on a neighborhood of the image of the closed point 
^' of S' . Since the bottom right horizontal arrow Pg^'^^ — )■ PgT'^ is smooth, the right half 
of the diagram (12.481) is cartesian. Hence the condition (2) is equivalent to that the lower 
middle vertical arrow in (I2.48P is etale on a neighborhood of the image of the inverse image 
in S' of Since the bottom horizontal arrow in the diagram 



PI 



iR,M) 



xx S ^ 



^{e,R.) 



pie,R) 



is finite, it suffices to apply Lemma 11.91 to this diagram. 



□ 



Corollary 2.28. Let K be a complete discrete valuation field of characteristic p > 0. Let 
L be a finite Galois extension of K and G = Gal{L/K) be the Galois group. Let r > 1 
be a rational number such that the ramification of L over K is bounded by r+ and define 
an F -vector space N^^'^ = m^/m^ of dimension 1 by = {a G K \ ord^a ^ r}, 



m 



^ — {a G K \ ordi^a > r}. 

1. The last graded piece G^^'' is an abelian group killed by p. 

2. Assume that the residue field F is finitely generated over a perfect subfield k. Then, 
there is a canonical injection 



Hom(G'("\Fp) ^ Hom^(Ar" 



Proof. 1. By a standard limit argument, we may assume that the residue field F is 
finitely generated over a perfect subfield k. There exist a G-torsor V ^ U = X — D 
and an isomorphism Ox,e^ — ^ Ok as in Proposition 12.271 Then, by Proposition I2.27[ after 
replacing X by a neighborhood of ^ if necessary, the ramification of V over U along D is 
bounded by R+. Further, by the definition of the ramification group recalled above, we 
have an isomorphism G^^^ — )■ G^'"-*. Hence the assertion follows by Proposition 12.161 1. 

2. It suffices to take a uniformizer and the stalk of the characteristic form (I2.34p at 
the corresponding P-point of P*. □ 
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We prepare some terminology on a representation of the absolute Galois group Gk- 
Let A be a local ring over Z[i] and M be a representation of Gk on a free A-module of 
finite rank. For a rational number r > 1, we say that M is isoclinic of slope r if acts 
trivially on M and if the G^-fixed part is 0. For r = 1, we say M is isoclinic of slope 1 if 
the wild inertia group Pk = G]^ acts trivially on M or equivalently it is tamely ramified. 
Since Pk is a pro-p group, there exists a unique decomposition M = ^j.>i M^^\ called 
the slope decomposition such that M^"^^ is isoclinic of slope r. 



2.6 Logarithmic variant 

In |19] and |5], a logarithmic variant is studied by a different method. We indicate how to 
treat the logarithmic variant by the method of this article and how to translate the results 
there. 

We keep the notation set at the beginning of this section. We consider a commutative 
diagram of oversimplicial schemes 



rp{R-D,M) C ^ p{R-D,M) ^ 3 



T. 



(M) 



• log D 



(2.49) 



D, 



logD 



_C p(M) D_ 

^ • log D ^ 



C j5 D 
> -r • log D < 



U' 



+1 



P. 



U' 



+1 



constructed as follows. For integer n ^ 0, let PniogD be the blow-up of P„ = X"+^ 
at -D"'*'^, . . . , -D^J"*"^ and define PniogD to be the complement of the proper transforms of 
the inverse image of D by the n + 1 projections. By the universality of blow-up, the 
schemes PniogD form an oversimplicial scheme P.iogD- By replacing Pi^^ by P.iog in the 
construction of (12.31) . we define (12.491) . By the functoriality of dilatation, we have canonical 

morphisms P.,.,^ ^ Pi^^ and P^^^T' ^ P^""'"'' ^ P'.tgl 

We define the condition that the logarithmic ramification of a G-torsor V over U is 



bounded by {R — D)+ as in Definition 12.121 by replacing p^^'^^^ by P^ 
ramification is bounded by R+, the logarithmic ramification is bounded by R+. If the 
logarithmic ramification is bounded by {R — D)+, the ramification is bounded by R+. 
The latter conditions are equivalent if X is a curve since the canonical map P.iogi? ^ P»^^ 
is an isomorphism in this case. 

We verify that the definition of bounding log ramification here is equivalent to [3 
Definition 7.3] as follows. We take a log smooth faithfully morphism /: X' — )■ X such 
that the inverse image U' = f~^{U) is the complement of a divisor D' with simple normal 
crossings and that f*R = R' has integral coefficient as in O Proposition 7.7]. As in the 
proof of Proposition 12.271 we set M = rriiDi + ■ ■ ■ + rrihDh such that f*{rn{^Di + ■ ■ ■ + 
m^^Dh) = D' and consider morphisms 



-,{R-D,M) 
logD 



If the 



(2.50) 



p{R,M) 
^1 log D 



p>{R',D') 
llogD' 



piR') 

llogD' 
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where -Pi iog D' defined as P| without introducing an auxihary divisor M'. The smooth- 
ness of the morphisms (12.501) imphes that the definition using -P/^'g^] is equivalent to the 

criterion [3 Proposition 7.7] using -P^j^g^,/- 

If we assume a strong form of resolution of singularities, for a Galois covering V ^ U, 
we can conclude an existence of R such that the ramification of — )■ [/ is bounded by 
R+. More precisely, we consider the following condition on a smooth separated scheme U 
of finite type over k: 

(RS) If X is a proper scheme over k containing f/ as a dense open subscheme, there 
exist a proper smooth scheme X' over k and a morphism f : X' X such that 
U' = f'^{U) — i- [/ is an isomorphism and U' is the complement of a divisor with 
simple normal crossings. 

Proposition 2.29. Let U he a separated smooth scheme of finite type over k and V ^ U 
he a finite Stale Galois covering. Then, there exists a proper scheme over k there exist 
a proper smooth scheme X over k containing U as the complement of a divisor D with 
simple normal crossings and a linear comhination R = riDi + ■ ■ ■ + VhDh of irreducihle 
components of D with rational coefficients ^ 1 such that the ramification of V over U 
along D is hounded hy R+. 

Proof. By Proposition 7.22], there exist X and R' such that the log ramification of V 
over U along D is bounded by R'+. It suffices to set i? = i?' + -D. □ 



3 Characteristic cycles 

We keep the notation in the previous section. Namely, k denotes a perfect field of char- 
acteristic p > and X denotes a smooth separated scheme over k. Let D be a divisor 
of X with simple normal crossings and U = X — D he the complement. Let Di, . . . , 
be the irreducible components of D and R = riDi + ■ ■ ■ + r^Dh be a linear combination 
with rational coefficients ^ 1 for every i = 1, . . . , h. Let M = rriiDi -!-•■■ + nihDh be a 
linear combination with integral coefficients mj ^ 1 such that mjrj is an integer for every 
z = 1, . . . , /i. Let Z d D he the union of irreducible components Di such that > L 

3.1 Definition of characteristic cycles 

Let A be a local ring over Z[i, (^p] and J-" be a locally constant sheaf of free A-modules of 
finite rank onU = X — D. Set d = dimX. We will define the characteristic cycle of J-" 
as a cycle of dimension d of the cotangent bundle T*X under a certain non-degenerate 
hypothesis. 

First, we consider the isoclinic case. In this case, the characteristic class will be defined 
by f l3.13p using the image of the locally constant function (13. 6 p by the map (13. lip . 

Definition 3.1. Let A he a local ring over Z[i] and he a locally constant sheaf on 
U of free A-modules of finite rank. Let Di, . . . ,Dh he the irreducihle components of the 
divisor D with simple normal crossings, let he the generic point of Di and fji he the 
geometric point of U defined hy a separahle closure Ki of the local field Ki = Frac Ox,e^i 
fori = l,...,h. 
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1. We say that T is isoclinic of slope R = riDi + ■ ■ ■ + r^Dh if the representation Tf^^ 
of the absolute Galois group Gk^ is isoclinic of slope for every i = 1, . . . , h. We say that 
the ramification of an isoclinic sheaf of slope R is non-degenerate along D if there is a 
finite Stale Galois torsor V ^ U such that the pull-back of F onV is constant and that 
the ramification of V over U along D is bounded by R-\- and is non-degenerate along D at 
multiplicity R. 

2. We say that T is polyisoclinic if there exists a finite number of divisors Rj ^ D 
with rational coefficients and a decomposition T — 0^ Tj such that each Tj is isoclinic of 
slope Rj. We call such a decomposition an isoclinic decomposition. 

We say that the ramification of a polyisoclinic sheaf T is non-degenerate along D 
if there exists an isoclinic decomposition T = J^j such that the ramification of each 
isoclinic sheaf J^j is non-degenerate along D at multiplicity Rj . 

3. We say that the ramification of T is non-degenerate along D if it is etale locally 
polyisoclinic and the ramification is non-degenerate along D. 

4. We say that T is totally wildly ramified along D, if for every irreducible component 
Di of D, the slopes of the representations of the absolute Galois group of the local field Ki 
are strictly greater than 1. 

A sheaf 7^ is tamely ramified along D if and only if is isoclinic of slope D. 

Lemma 3.2. Any locally constant sheaf on U is polyisoclinic on an etale neighborhood 
of a geometric point above the generic point of each irreducible component of D. 

Proof. Since the wild inertia subgroup Pk^ is a pro-p group, any representation of G^, 
admits a slope decomposition. Hence the assertion follows. □ 

Let A be a local ring over Z[i] and be a locally constant sheaf on U of free A- modules 
of finite rank. Let V he a G-torsor over U for a finite group G such that the pull-back of 
J-" on f/ is constant and let M be a represention of G on a free A-module such that J-' is 
corresponding to M. Define a locally constant sheaf Ti on U XkU hy 

% — Hom^prlT, pr*J^). 

The locally constant sheaf H on U U is trivialized by the G x G-torsor V x^V over 
U XkU and corresponds to the representation End(M) olGxG. We consider the diagram 

(3.1) t| I 

TiR) -J-^ pf ^ UxUxG,r^■ 

To describe the sheaf i*j.^'H on T^^\ we introduce some notation. Let be the locally 
constant sheaf of rank 1 on T'^^^ x^ (Jefined by the Artin-Schreier covering t^ — t = 

{x, f) and the injection ip : Fp ^ sending 1 to (p. Let £ = >C^g(H)v be the pull-back 

on r(^) x^ G(^)^ by the characteristic form G^-^)^ ^ T^^)^. 

Lemma 3.3. Let T be a locally constant sheaf on U — X — D isoclinic of slope R along 
D. Let V ^ U be a G-torsor such that the pull-back of T on V is constant and that the 
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ramification of V over U along D is bounded by R+ and is non-degenerate along D at 
multiplicity R. Let M be a representation of G corresponding to T . 

There exists an idempotent cjr G T{G^^^'^ ,i*j^£nd{J-')) and a canonical isomorphism 

(3.2) pri,((e^ ■ i*j,Snd{J^)) ® £) ^ t*j,n 
of i* i^.£nd{F) -modules. 

Proof. Let 

i e T{V XkV/AG,n) 
denote the image of the identity 1 G EndG'(M) by the canonical map 

(3.3) EndG(M) ^ T{V V,nom{p4J^,pTlT)f = T{V V/AG,n). 
The diagram fl3.ip defines canonical maps 

(3.4) T{V Xfc V/AG,H) ^ T{V x^ V/AG x G„,-H) = T{wi'''^\j,H) 

^r(E(^)o,^*j,H). 

The section t defines an isomorphism j^.pr2 — )■ j^pilT on W^'^'^^^ and hence its image in 
T [E^^'^^ , i* j ^7i) defines an isomorphism 

i*j^8nd{F) — > i^j^l-L 

of i*j*£^n(i(J-')-modules on the extension of the vector bundle T^^^ by the finite etale 
group scheme G^^\ It suffices apply Corollary 11.221 to the extension — )■ G^^"* — > — )■ 
T(-^) and to the A = i*j^£nd{T)-modu\e M = i*j^n. □ 

Let X — )■ Z be a geometric point and x ^ Ci^'*^ be the geometric point corresponding 
to a character G^ — )■ A^. Then, the stalk G {i^£nd{J^))^ C End(M) of ejr at x is the 
projector to the x-P^rt = {a ^ M \ aa = x(cr)'^ ^oi a E G^ }■ In an £-adic setting, 
we may replace the construction in the proof of Lemma 13.31 by the Fourier transform as 
in [H]. 

The non-additive map rank: £nd{T) Z induces a map rank: i*j^Snd{J^) — i- Z and 

(3.5) r(G(^)^, f j;£nc/(j^)) ^ r(G(^)^, Z). 

As the image of the idempotent cjr by the map (13. 5p we define a locally constant function 

(3.6) rk^:G(^)^^Z. 

We define the characteristic cycle of an isoclinic sheaf out of the locally constant function 
rk^ in M . 

Lemma 3.4. Let S be a scheme and T be a G^-torsor over S. Let X be a scheme over S 
with a action and n: X T be a finite etale morphism over S. Let mi ^ 1, ... , nih 
be integers and assume that the morphism tt: X —> T and the map — )■ sending 
(ti) to (t™') are compatible with the G^-actions. 

Then, the quotient X/G^ — )■ T/G^ = S is finite etale. 
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Proof. By induction on h, we may assume h = 1. Since the assertion is local on S, we may 
assume S = Spec A is afiine, T = Spec ^[t^^] is the trivial G^-torsor and X = Spec B is 
affine. Then, the Gm-action on X defines a grading B = ®„g2 on a finite etale y4[t^^]- 
algebra B. The grading on B is compatible with the natural one on multiplied by 

m = mi. 

We show that the quotient X/Gm = Spec Bq is finite etale over A. Since B is finite 
etale over its direct summand Bq is finite fiat over A. To show it is etale, we 

may assume A is an algebraically closed field. Then, Bq is an A-subalgebra of the etale 
A-algebra B (g)A[t±i] A = Bq Q) ■ ■ ■ ® -Bg-i defined by t h-)- 1, it is also etale over A. □ 

Let G^^^"^ — Z denote the complement of the 0-section. By Lemma 13. 4[ the quotient 

is a finite etale scheme over Z = Z/G^^. Then, since the injection G^^)^ ^ T(^)^ = 
{T*X Xx Z){R) defined over a radicial covering — )■ Z is compatible with the 
G^-actions, it induces a morphism 

(3.7) PG(^)^ = - Z)/Gi ^ (T(^)^ - Z)/Gi = P(t(«)^) ^ P{T*X) 

on the quotients defined over a radicial covering : Z^*' — ?► Z. Since the fibers of the 
map G(^)'^ _ 2' — )■ PG(^)^ are connected, the pull-back 

(3.8) r(PG(^)^, Z) ^ r(G(^)^ - Z, Z) 

is an isomorphism. 

Let L(l) denote the tautological line bundle on the projective space bundle P(T*X). 
We consider the commutative diagram 

L(l) xp(r*x) ^ T*X 

(3.9) I 

PG(R)^ > X 

where the top vertical arrow is the composition of the first projection with the blow-up 
L(l) T*X at the 0-section. Then, the pull-back by the fiat map L(l) Xp(r*x) PG'(^)^ 
PQiR)'^ and the push-forward by the proper map -^^(1) Xpc^.x) PG^ T*X define maps 

(3.10) r(PG(^)\ Z) ^ r(L(l) xp(r.x) Z) ^ Z,(T*X) 
to the free abelian group of d- dimensional cycles of T*X. Let 

(3.11) L: r(G(^)^ -Z,Z)^ Zd{T*X) ®z Q = ^d(T*X)Q 

denote the composition of the inverse of (13.81) and (I3.10p divided by the degree p"(<^~^) of the 
radicial covering — )■ Z on which G^^'^'^ — T^^^"^ is defined. It is independent 
of the integer n ^ such that (13. 7p is defined over P": Z^^ — )■ Z. The morphism 
L : T{G^^^^ — Z,Z) — Zii{T*X)Q is the sum of the compositions of the restriction maps 
with 

(3.12) L, : r(G(^)^ x^ A - Zi, Z) ^ Z,(T*X)q 
for z = 1, . . . , /i such that r-j > 1. 
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Definition 3.5. Let be a locally constant constructible sheaf of free A-modules on U. 
Assume that the ramification of is non- degenerate along D. We define the characteristic 
cycle Char(J-') of T as an effective d-cycle with rational coefficients on the cotangent 
bundle T*X and the total dimension divisor DT{ J-") of T as a multiple of D with rational 
coefficient as follows. 

1. If J-" is isoclinic of slope R = riDi + ■ ■ ■ + ThDh, define Char(J-') by 

(3.13) Char (J-) = rank J" ■ I'^Dj^] + ^^i"^^^)- 

I:ri=l for iel n>l 

If is polyisodinic and if = ®jJ^j is an isoclinic decomposition, define Char(J^) by 

Char(J^) = ^Char(J'j). 

3 

In general, define Char(J-') by etale descent. 

2. If T is isoclinic of slope R, define DT{J^) by 

(3.14) DT{J^) = ^ ri ■ rank 7 ■ Di 

i 

If is polyisodinic and if = is an isoclinic decomposition, define Char(J^) by 

DT{7) = Y,DT{^3)- 

3 

In general, define DT{J^) by etale descent. 

If J-" is tamely ramified along D, we have R = D and the characteristic cycle Char (J-") 
is involutive. However, it is not involutive in general (see Example 13.61 2 below). In 
general, the total dimension divisor DT{J^) is much less precise than the characteristic 
cycle Char (J-"). However for curves, they are equivalent. 

Example 3.6. 1. Assume dimX = 1 and D = {x}. Recall that, for a representation 
V of Gk, the sum dimV^ + Sw V of the rank and the Swan conductor is called the total 
dimension and denoted dimtoty. We have 

(3.15) Char(J^) = rank J" ■ [T^X] + dimtot^(J') ■ [T^X], 
DT{J^) = dimtot^.(J^) -D. 

In particular, Char(J-') and DT{J^) have integral coefficients by the classical theorem of 
Hasse-Arf [20]. 

2. Let X = = Spec k[x,y] and let U be the complement of the divisor D defined 
by a; = 0. Then by Example 12. 181 for the locally constant sheaf J-" of rank 1 defined by the 

Artin-Schreier covering t^—t = — where p f n, we have Char (J-") = [TJX] + (n + l)-[T5X]. 

y 

For defined by t^ — t = — where p | n, we have Char(J^) = [T^X] + n- [L] where L is the 

sub line bundle of the restriction T*X Xx D generated by the section dy unless p = n = 2. 
If p = n = 2, we have Char (J-") = [T^X] + -F^,[L] where L is the sub line bundle of the 
pull-back T*X -D^^"^^ by F: D^"^'^^ — )■ D — > X generated by the section y/ydx + dy. 
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3.2 Pull-back and local acyclicity 

We define a condition for a morpliism / : X' X of smootli scliemes to be non-cliaracteristic 
with respect to a locally constant sheaf on the complement of a divisor on X. 

Definition 3.7. Let X and X' be schemes smooth of dimension d andd' overk respectively 
and U G X and U' C X' be the complements of divisors D G X and D' G X' with simple 
normal crossings. Let f : X' ^ X be a morphism over k such that f~^{U) = U' . 

1. Let L = YlihLi G Zd{T*X)Q be a conic cycle with rational coefficients li > 0. 
We say that f : X' ^ X is non-characteristic with respect to L if the intersection of the 
inverse image of Li by the projection T*X Xx X' ^ T*X with Ker(T*X Xx X' ^ T*X') 
is contained in the 0-section ofT*X' for every i. 

If f : X' ^ X is non-characteristic with respect to L, we define f*{L) G Z^/(T*X')q 
to be the linear combination Yli''^i[f*-^i\ images of [Li Xx X'] G Zii>{T*X Xx X'). 

2. Let be a locally constant constructive sheaf of A-modules on U such that the 
ramification of is non-degenerate along D. We say f : X' ^ X is non-characteristic 
with respect to T if f : X' ^ X is non-characteristic with respect to Char(J-') G Zd{T*X)Q. 

We prove a compatibility of the characteristic cycle with the pull-back by a non- 
characteristic morphism f : X Y. 

Proposition 3.8. Let X be a smooth scheme over k and J-" be a locally constant sheaf of 
free A-modules of finite rank on the complement U = X — D of a divisor D with normal 
crossings. Let f : X' ^ X be a morphism of smooth schemes overk such that U' = f~^{U) 
is the complement of a divisor D' G X' with normal crossings. 
Assume that either of the following conditions is satisfied. 

(s) J-" is totally wildly ramified along D and the ramification of T along D is non- 
degenerate. 

(t) F is tamely ramified along D. 
Then, if f : X' ^ X is non- characteristic with respect to T , the ramification of the pull- 
back fyT is non- degenerate along D' and 

(3.16) Char(/*^) = /*Char(.F), /^r(/*.F) = f*DT{T). 

Proof, (s) Since the assertion is etale local, we may assume that J-" is isoclinic of slope 
R. Let V — i- f/ be a finite etale Galois covering trivializing J-" such that the ramification 
along D is bounded by -R-l- and is non-degenerate at multiplicity R. Then, by Proposition 
12. 221 2. the ramification along D' of the etale Galois covering V = V Xu U' ^ U' is 
bounded by -R'-t- and is non-degenerate at multiplicity R'. Further, the characteristic form 
Ch.a:TR'{V' /U') is the pull-back of Char/j(V/f/). Thus, the assertion follows. 

(t) Let / be a subset of {1, ... , h}. The conormal bundle T^^X is locally spanned by dti 
for i G I such that defines Di. Then by the condition that X' — )■ X is non-characteristic 
to T^jX, it follows that the inverse images D[ = f*Di are smooth and meet transversally 
each other. Hence, the pull-back f*{J2r =i ^i) J2r=i^i assertion on DT{J^) 

follows. Further, if we put D'j = f].^j D[] then the pull-back of [T^X] is [T^,X'] and the 
assertion on Char(J^) also follows. □ 

Corollary 3.9. Let X be a smooth scheme over k and be a locally constant sheaf of free 
A-modules of finite rank on the complement U = X — D of a divisor D with simple normal 
crossings. Assume that one of the conditions (s) and (t) in Proposition \'d.S\ is satisfied. 
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1. Let C be a smooth curve and f : C X be a morphism over k. Then, we have 
(3.17) dimtot^J^ ^ {DTd{J^), C)^. 

2. Let S C TX be the union of the images of the hyperplane bundles defined as zero- 
locus of non-vanishing sections of the characteristic cycle Char(J-'). Let C be a smooth 
curve and f : C ^ X be a morphism over k. For a point x G f~^{D) of the inverse image, 
the following conditions are equivalent. 

(1) /: C — )■ X zs non- characteristic at x with respect to T . 

(2) We have an equality in ( I3.17p . 

(3) The image of the map T^C Tf(^^^X on the tangent space is not contained in 
S defined above. 

3. Let f : X' —> X be a morphism of smooth schemes over k such that f^^{U) is the 
complement of a divisor D' with simple normal crossings. Then, the following conditions 
are equivalent. 

(1) /: X' — )■ X is non- characteristic with respect to T . 

(2) For every point closed point x' of D' , there exists a curve C on X' meeting D' 
transversally at x' such that the composition C ^ X' ^ X is non- characteristic with 
respect to T . 

Proof. 1. Since the assertion is etale local, we may assume that J-" is isoclinic of slope R. 
Then, the inequality (13.171) follows from Proposition 12.221 1. 

2. The equivalence (l)-v^(3) is clear from the definition of non-characteristicity. If 
/ : C — )■ X is non-characteristic with respect to J-", then (I3.17P is an equality by Proposition 
13:81 Hence, we have (1)^(2). 

We show (2)^(1) or equivalently (2)^(3). By the inequality (13.171) . we may assume J-" 
is isoclinic of slope R. Let be a G-torsor over U for a finite group G such that the ram- 
ification of V is bounded by -R+ and that J-" is corresponding to a faithful representation 
M of G. 

If J-" is tamely ramified along D, the equality (I3.17P is equivalent to that C meets D 
transversally. Thus in this case (2) implies (1). 

Assume that the condition (s) in Proposition 13.81 is satisfied. Then, since the ramifi- 
cation of V = V Xx C over U' = U Xx C is bounded by R'-\-, the equality dimtotajj-" = 
{DTd{J-'), C)x is equivalent to that every character x of G^^^ such that rkjr(x) ^ induces 
a non-trivial character of G'^^ \ This means that a non- zero differential form Chari^(x) 
in the line L^ for such a character x does not vanish on the tangent line T^C and the 
assertion follows. 

3. By 2.(3)^(1), the condition (1) implies (2). Conversely, by 2.(1)^(3), the condition 
(2) implies (1). □ 

On the integrality of the coefficients of the characteristic cycle and of the total dimen- 
sion divisor, we deduce the following from the classical Hasse-Arf theorem. 

Proposition 3.10. 1. The characteristic cycle Char(J-') has coefficients in Z[^]. 
2. The total dimension divisor DT{J-') has an integral coefficient. 

For the total dimension divisor DT{J^), the integrality is proved by Xiao Liang [2T] by 
using p-adic differential equations. 
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Proof. We may assume that D is irreducible. Since the question is local on an etale 
neighborhood of the generic point ^ of Z), we may assume that J-" is isoclinic of slope 
rD and r > 1. Further we may assume that the support of the characteristic cycle 
consists of the 0-section and the image of one line bundle defined over the radicial covering 
pn. pfip-") _i. £) fQj, integer n ^ 0. 

1. Let m be the prime-to-p part of the denominator of r. Then, the subgroup /i^ C 
stabilizes the line bundle and acts faithfully on the characteristic form. Hence the rank of 
J-' is divisible by m and the assertion follows. 

2. It follows from Corollary [3312. □ 

Corollary 13.91 immediately implies the following characterization on the support of the 
characteristic cycle and the total dimension divisor. 

Proposition 3.11. Keep the assumptions in Corollary \3.9[ 

1. There exists a unique linear combination L = Yli=i^i^i with integral coefficients 
/j ^ satisfying the following property: For every irreducible curve in X not contained in 
D and every point x & D (1 C , we have 

(3.18) dim tot^J^ ^ (L,C)^. 

Further, for each irreducible component Di of D, there exists a smooth curve C in X 
meeting Di transversally and meeting no other irreducible components of D such that we 
have an equality in f l3.18p . 

The unique linear combination L above is the total dimension divisor DT{J^) . 

2. There exists a closed subset S C TX characterized by the following property: For 
a point X G -D and a smooth curve C in X meeting every irreducible component of D 
transversally at x E C , an equality in fl3.17p is equivalent to that the image of the map 
/* : Tj.C — )■ Tf(^x)X on the tangent space is not contained in S. 

3. The closed subset S C TX in 2. is the union of the following two parts: 

(1) Finitely many hyperplane bundles Di,...,Di defined over finite etale schemes of 
the radicial covering F": Z^^ — )■ Z for an integer n ^ 0. 

(2) The linear span of the union of the tangent bundles TDi C Tx for rj = 1. 

The support of the characteristic cycle Char(J-') is the union of the following two parts: 

(1) The union of the annihilators Li, . . . ,Li of Di, . . . ,Di. 

(2) The linear span of the union of the conormal bundles T^,X C for = 1. 

We introduce a condition for a smooth morphism / : X — )■ F of smooth schemes to be 
non-characteristic with respect to a locally constant sheaf on the complement of a divisor 
on X. 

Definition 3.12. Let X be a smooth scheme over k and let be a locally constant sheaf 
of free A-modules of finite rank on the complement U = X — D of a divisor D with simple 
normal crossings. Assume that the ramification of T along D is non- degenerate. Let 
f:X^Y be a smooth morphism of smooth schemes over k. 

We say that f is non-characteristic with respect to the ramification of J-' along D if the 
inverse image o/Char(J-') by T*Y Xy X — )■ T*X is contained in the 0-section. 

The proposition below answers a question raised by Deligne [10]. We recall the defini- 
tion of local acyclicity [HI Definition 2.12]. In the rest of this section, we assume that A is 
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noetherian and annihilated by an integer invertible in k. Let / : X — i- be a morphism of 
schemes and /C be a complex of sheaves on the etale site of X. Let x — ?■ X be a geometric 
point of X and let s — )■ S* denote its image. Then, we say that /: X — 5* is locally 
acyclic at x relatively to /C if, for every geometric point i of the strict localization Sg, the 
canonical map )Cx — )• RT{Xx Xs^ i, K.) is a quasi-isomorphism. We say that / : X — )■ S" is 
locally acyclic relatively to /C if it is locally acyclic at every geometric point x — )■ X. It is 
universally locally acyclic relatively to K, if every base change is locally acyclic. 

The following well-known fact is a consequence of the local acyclicity of smooth mor- 
phism. 

Lemma 3.13. Let f : X ^ S be a smooth morphism of schemes, D be a divisor of S with 
simple normal crossings relatively to f : X ^ S and j : U X be the open immersion of 
the complement U = X — D. Let T be a locally constant constructible sheaf of A-modules 
tamely ramified along D. Then, f : X S is universally locally acyclic relatively to j\J^ 
and to Rj^J^ . 

For the sake of convenience of the reader, we sketch a proof, similar to that of [131 
L3.3 (i)]. 

Proof. Since the assertion is local on X, we may assume that D has simple normal crossings 
relatively to X — )■ S" and that there is a smooth map X — >■ defined by functions 
ti, . . . , t„ on X such that D is defined by ti ■ ■ ■ t„. Further, we may assume that the pull- 
back of T to the inverse image U' G X' of U by the finite flat covering vr : X' — )■ X defined 
by = ti, . . . , = t„ for a integer m ^ 1 invertible on 5* is constant. 

The canonical map J-" — )■ 7r*7r*J-' is injective and the cokernel is locally constant and 
tamely ramified along D. Further the morphism X' — )■ defined by Si, . . . , s„ is smooth 
and hence X' — S* is smooth and U' is the complement of a divisor D' of X' with simple 
normal crossings relatively to X' — )■ 5*. Thus J-" admits a resolution by the direct images 
of constant sheaves as above and the assertion is reduced to the case where J-" = A is 
constant. 

Let Di, . . . , Dn be the irreducible components of D and, for a subset / C {1, . . . , n}, 
set Dj = f]i^j Di. Then, we have an exact sequence — )• jiA — )■ Ax — )■ 0"^^ A/)^ 
®\i\=q^Di By the relative purity, we also have an isomorphism A£)^(— g) — )• 

i?'^j*A. Since the intersections Dj are smooth over S, it follows from this and the local 
acyclicity of smooth morphism [6]. □ 

Proposition 3.14. Let X be a smooth scheme over k and let T be a locally constant 
sheaf of free A-modules of finite rank on the complement U = X — D of a divisor D with 
simple normal crossings. Let j: U = X — D^X denote the open immersion and let 
f : X Y be a smooth morphism of smooth schemes over k. Assume that f : X Y 
is non- characteristic with respect to the ramification of T along D and that either of the 
following conditions is satisfied. 

(s) T is totally wildly ramified along D and the ramification of T along D is non- 
degenerate. Further the restriction D Y of f is fiat. 

(t) J-" is tamely ramified along D. 
Then f : X -^Y is universally locally acyclic relatively to j\J^ . In the case (t), /: X — )■ F 
is universally locally acyclic relatively to Rj^J^. 

By the proper base change theorem, if we further assume that / is proper. Proposition 
implies that R'^giJ^ and R'^g^J^ are locally constant ioi g = f o j under the assumptions. 
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Proof. Since / : X Y is assumed smooth, the locally constant sheaf J-" on [/ is universally 
locally acyclic by the local acyclicity of smooth morphism [6]. Thus, it suffices to prove 
the assertion for each point on D. 

Assume (t) is satisfied. Then, by the definition of the characteristic cycle and of non- 
characteristic morphism, the divisor D has simple normal crossings relatively to / : X — )■ 
Y. Further, the sheaf J-" is tamely ramified along D. Hence, it follows from Lemma [3.131 
in this case. 

Assume (s) is satisfied. First we prove the case where / : X — F is of relative dimension 
1. Since D is fiat over Y, it is quasi-finite over Y. For each closed point y of Y, the fiber 
Xy is a smooth curve and the immersion Xy — > X is non-characteristic with respect to J-". 
Hence, by Corollary 13.91 2. the total dimension dimtotx.(J-'|xj(^)) at a closed point x of D 
of the restriction on the fiber is equal to the intersection number {DT{J-'), Xy)^- Thus, in 
the notation of ^18] , the function is locally constant after shrinking X and S if necessary 
and the assertion follows from [181 Theoreme 2.1.1]. 

We prove the general case (s) by reducing it to the case of relative dimension 1. It 
suffices to show that, for every closed point x of D, there exists an open neighborhood of 
X such that the restriction of / : X — )■ F is universally locally acyclic relatively to j\J^. Let 
x G -D be a closed point of D and y &Y he the image. Since the assertion is etale local, we 
may assume that k is algebraically closed. The fiber of the support of the characteristic 
cycle Char J-" is a union of lines Lj defined over finite extensions of k. 

By the assumption that / : X Y is non-characteristic, their intersections with the im- 
age of the injection T*Y — )■ T*X reduce to 0. Therefore, as k is algebraically closed, there 
exist functions ti, . . . , t„ defined on a neighborhood of X such that dti, . . . , dtn form a basis 
of the cokernel T*X/TyY and that the intersections of Lj with TyY © {dti, . . . , dtn-i) C 
T*X reduce to 0. After shrinking X, we define a morphism g: X ^ P = A"^^ F by 
ti, . . . ,tn-i. Then, g: X ^ P is smooth of relative dimension 1 and non-characteristic 
with respect to the ramification of J-" along D. By modifying ti if necessary without chang- 
ing dti, we may assume that the intersection of D with the fiber g~^{g{x)) reduced to the 
point X. Hence, after shrinking X if necessary, the morphism g: X ^ P is universally 
locally acyclic relatively to jiJ-". Since P — t- F is smooth, the assertion follows from [131 
Corollaire 2.7] and the local acyclicity of smooth morphism. □ 

3.3 Characteristic cycle and characteristic class 

We briefiy recall the definition of the characteristic class [3] specialized to the following 
situation. Let /c be a field and X be a smooth separated scheme of finite type of dimension 
d over k. Let £ be a prime number invertible in k and A be a local ring finite over Z£[Cp] 
or a finite extension of Q^(Cp)- Let j: ?7 — )■ X be an open immersion and J-" be a smooth 
sheaf of fiat A-modules on U. 

Let ji : U X ^, X — X X X and j2'- U U U x^-X denote the open immersions. 
Let "Ho denote the smooth sheaf ?^om (pr2 J-", pr^J^) on f/ x^ f/ and set "H = ji\Rj2*'Ho on 
X Xfc X. We consider the commutative diagram 

X U 

S Su 

X XfcX UxkU 
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where the vertical arrows are the diagonal immersions and regard X and U as closed 
subschemes of X x^X and U Xf^U respectively. Then, it is shown in [3] that the restriction 
map 

(3.19) H]f{X Xk X,H{d)) > Hl\U x^ U,Ho{d)) = H°{U,Snd{T)) = Endc/(J^) 

is an isomorphism. The pull-back to the diagonal and the trace map define 

(3.20) H]f{X XkX,n{d)) > H^'^{X,ji£nd{J^){d)) > H^^{X,A{d)). 

The characteristic class 

C(j,^)G/f2^(X,A(f/)) 

is defined as the image by fl3.20p of the inverse image of the identity Ijr G EnduiJ^) 
by the isomorphism f l3.19p . If X is proper over k, the Lefschetz trace formula implies 
that the Euler number XciU^.J^) = ^^(— 1)' dimi7^(t/^, J^) is equal to the image of the 
characteristic class C{j\J^) by the trace map Tr: H'^'^{X, A{d)) — )■ A. 

We compute the characteristic class assuming that the ramification is isoclinic and non- 
degenerate. Let U = X — D he the complement of a divisor with simple normal crossings. 
To treat the case where R = riDi + ■ ■ ■ + rhDh has non integral coefficients, we use the 
cohomology of classifying space which we recall briefiy. Let M = rriiDi + ■ ■ ■ + mhDh 
be a linear combination with integral coefficients ^ 1. Recall that p,^^'*^-* carries a 
canonical G^-action. The canonical G^-equivariant map X*^*^) = p^^^'^^^ — ). X induces a 
morphism [X^^^ /G!^] — )■ X of algebraic stacks. 

The cohomology of the quotient stack [X'^^-'^^G^] is computed as that of the simpli- 
cial scheme [X^^^/G^], (6.1.2.1)]. The canonical map [X^^VgJ^,] -> X of stacks is 
interpreted as an augmentation morphism [X^'^^^ G!^], — )■ X to the constant simplicial 
scheme. 

Lemma 3.15. There exists a constant c ^ 1 independent of M or A such that the kernel 
and the cokernel of the pull-back 

(3.21) H^\X,A{d)) -> H^\[X^^'^/Gt],A{d)) 
is killed by (mi ■ ■ ■ ruhY- 

Proof. By the stratifications {Df) of X and {d\^^^°) of X*^*^\ it suffices to show the 
assertion for m{D°,A{r)) H'i{[bf'^° /G^lA{r)). For M = D, X(^) is a G^^^-torsor 
over X and the morphisms [d\'^^°/G^] — > Dj are isomorphisms. Hence f l3.2ip is an 
isomorphism for M = D. 

We show the general case. It suffices to show the assertion for the map on the coho- 
mology defined by [Dj*^^°/G,^] — )■ [d\^^° /G^]. The canonical map — > D^f^° fits in 
a cartesian diagram 

y YlifiGm 

d\^^° > Yli^G^ 

and is compatible with the map G^ — )■ G^ sending (tj) to (t™"') by Lemma [2.101 1. By 
computing the cohomology using the simplicial schemes [d\^^^°/G^], and [-D|^^°/G^],, 
it suffices to apply the Kiinneth formula. □ 
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We compute the pull-back of the characteristic class C{jiJ-') in H'^^{[X^'^''^y G'^], A{d)) 
using the Chern class of the tangent bundle. 

Proposition 3.16. Assume that the ramification of J-' along D is isoclinic of slope R = 
riDi + - ■ ■+rhDh, is bounded by R+ and is non-degenerate at multiplicity R. Assume that 
T is totally wildly ramified along D. Then the pull-back of the characteristic class C{j\J^) 
mi/2rf([xW/G;^],A(c/)) equals 

(3.22) rank(J-) ■ q((TX X^^'^){-R^^'^)) . 

If the denominators of the coefficients in R are invertible in A, it is further equal to the 
pull-back of the cycle class 

(3.23) (-l)'^ ■ rank(^) ■ ((X,^)^.^ + (c(fii,/,)(l - R)-'[R]) ^^^^) . 

Proof. By the assumption on R, we have Z = D and t[^'^^'^ is equal to the complement 
jj{R,M) _ p{RM) _ (jj ^^jj G^). We consider the cartesian diagram 

[T?'^'^/Gl] [P?^''^/Gt] U~ [{U X, U X, Gt)/Gi] = Ux,U 

(3.24) oT Ps ]su 

[5W/G:^] > [XW/G^] 4^ [{Ux,Gt)/Gt] = U 

where the vertical arrows are regular closed immersions and the right horizontal arrows 
are the open immersions of complements of the images of the left horizontal arrows. The 
cycle class of the middle vertical arrow is defined as a cohomology class 

(3.25) [X^''^/Gt] G //|,M,/o,,]([Pf '"'VG::,],A(rf)). 

Set "H = j*'Ho on [P]*^^'*^^/G^]. Since "H is isomorphic to the pull-back of £nd{F) on 
(\/ Xfc V)/ AG and wl^''^'^ — p^^'^^^ is etale, the base change map 

~d*n = ~5*lno ^ ji^'^Su-Ho = ji'^'^SndiJ^) 
is an isomorphism. Hence the restriction map 

H^iX^^^^^/Gtim) H\U,£nd{J^)) = Endt/(J^) 
is an isomorphism and the identity of J-" defines a section 

(3.26) 1^ G if°([X(*^VG!:,], 5*H). 

The cup product of fl3.25p and fl3.26p defines a cohomology class 

(3.27) [X^''^/Gt] ■ G H^i,,,,^^,J[p}'''''^/Gtin{d)). 

Let ip: [Pi^'^^^/Gi] ^ X X X be the canonical map. We show that the pull-back 
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of the identity 1^ G H]f{X x X, Hi^d)) has the same image as the cup product (13.271) . The 
top hne in fl3.24p defines an exact sequence 

Since both the identity Ijr G H]f{X x X,'H{d)) and the cup product fl3.27p have the 
identity Ijr as the image in H'^{U x U,T-Lo{d)) = Endt/(J-'), it is reduced to showing 

i^j^4.,M,/^j.,([P^'^'*'VG::,],-H(rf)) = 0. Let p: [T^'^/Gt] ^ [D^''^/Gt] denote the 

canonical map. Then, it is further reduced to showing 

(3.28) Rp^Ri-n = 0. 

Similarly to Lemma 13. 3[ we have a canonical isomorphism 

p* Rve^£nd{7) ®C^^ RvH. 

Xt^O 

Since Rp^C^ = for x 7^ 0, it induces an isomorphism Rp^Ri T-L — )■ Rre^£nd{J-') (g> 

Rp^C^ = and (13.281) is proved. 

Thus, by the definition of the characteristic cycle C{j\J^) recalled above, its image in 
H'^d[[X'^M'i /G^],K{d)) is equal to the image of the cup-product (13^271) by the variant 
(3.29) 

'''VG::,],H(rf)) -> H'\[X^'^^/Gtlji''^£nd{:F){d)) ^ H^WX^'^^ G^ m) 

of ( I3.20p . The trace map sends the identity to the rank and the pull-back of the cycle class 
[X(*^)/G;J,] by the lifting of the diagonal map is the self-intersection product of [X*^*'^) / G^] 
in [P[^'^''^ /Gt] and is the top Chern class Cd{{TX Xx X(*^))(-gr5(*^))) of the normal 
bundle. Hence we obtain (13.221) . 

To deduce (13.231) from (I3.22p . it suffices apply the formula 

d 

c,{E®L~^) = {-lYY,Ci{E'')c^{Ly-' 

i=0 

d 

= {-irUiE"^) + 5^q(E^)(1 - c^{L))-'c^{L)) 

1=1 

for a vector bundle E of rank d, the dual E'^ and a line bundle L. □ 

Corollary 3.17. Assume that the ramification of J-" along D is isoclinic of slope R = 
TiDi + ■ ■ ■ + TfiDfi, is bounded by R+ and is non-degenerate at multiplicity R. Assume 
that we have rj > 1 for every i = 1, . . . , h. If the denominators of ri are invertible in A, 
for the pull-back of the characteristic class, we have an equality 

(3.30) C(j,J^) = (-1)^ . [Char(J^)] 

m /72'^([XW/Gj^],A(d)). 
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Proof. By the definition of tlie cliaracteristic cycle f l3.13p and by (13.231) , it suffices to show 



(X, r ■ L(rk^))T.x = rank(^) (c(fi^/J(l - Rr'[R]) 
By applying the excess intersection formula to the cartesian diagram fl3.9p . we obtain 

(x,L(i) xp(T*x) pg^)t*x = {c{n],/Mmr'[PG' 



/ dim 



Since the pull-back of the line bundle L(l) Xp(^r*x) PG^ to G"^ — D is L{—qrD), the 
assertion follows. □ 

In the case where J-' is tamely ramified along D namely R = D, the equality fl3.30p is an 
immediate consequence of fi9\ Corollary 3.2]. In fact, in this case, [Char J-'] is rank J-'-times 
the pull-back of the class of the 0-section of the logarithmic cotangent bundle T*X{logD) 
by the canonical map T*X — )■ T*X(\ogD). 



Example 3.18. Let A; be a perfect field of characteristic 2, set X = D ?7 = = 
Spec k[x, y] and let D = Pi he the line at infinity. Define a finite etale morphism V U 
by the Artin-Schreier equation — t = xy. Then, the ramification of V over U is bounded 
by 2D+ and non-degenerate along D at multiplicity R = 2D. 

By Example EUl the characteristic form Ch&TR{V/U): Z/2Z F*{T*X{2D) Xx D) 
sends 1 to the section 

(3.31) d{xy) + J-dx 

y 

of Q]^^i^{2D) defined on the radicial double covering F: D^'^ — t- D. The characteris- 
tic cycle of the locally constant sheaf £ on f/ of rank 1 corresponding to the injection 
Gai{y/U) = F2 ^ {±1} C A^ is the sum of the 0-section T^X of T*X and the image of 
a sub line bundle L — )■ F*(T*X Xx D) defined by (I3.3ip defined over the radicial double 
covermg F: ') D. The composition L F*{T*D XdD) with the the map induced 
by the canonical surjection T*X Xx D —> T*D x D is an isomorphism. 

By Proposition [3A61 the characteristic class G{j\C) is (A, X)t*x + {Kx+2D)-2D where 
the canonical divisor Kx of the projective plane A = P^ is —3D. Hence, the Euler number 
is Xc{Uk,^) = x(^5^) —2 = 1. The normalization F of A in \^ is a smooth quadric, is 
isomorphic to P^ x P^ and has the Euler number x(F, A) = x{^y ^)+Xc{Ui, ^) = 3+1 = 4. 
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